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(57) ABSTRACT

Methods and systems for reconstruction of a three-dimen-
sional representation of a moving arterial tree structure from
a pair of sequences of time varying two-dimensional images
thereof and for analysis of the reconstructed representation.
In one aspect of the invention, a pair of time varying
arteriographic image sequences are used to reconstruct a
three-dimensional representation of the vascular tree struc-
ture as it moves through a cardiac cycle. The arteriographic
image sequences maybe obtained from a biplane imaging
system or from two sequences of images using a single plane
imaging system. Another aspect of the invention then
applies analysis methods and systems utilizing the three-
dimensional representation to analyze various kinematic and
deformation measures of the moving vascular structure.
Analysis results may be presented to the user using color
coded indicia to identify various kinematic and deformation
measures of the vascular tree.
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METHODS AND SYSTEMS FOR DISPLAY AND
ANALYSIS OF MOVING ARTERIAL TREE
STRUCTURES

RELATED PATENT APPLICATIONS

[0001] This patent application is related to co-pending
U.S. patent application Ser. Number 09/444,138, filed Nov.
20, 1999, which is hereby incorporated by reference.

BACKGROUND OF THE INVENTION
[0002]

[0003] The present invention relates to reconstruction, a
display and analysis of vascular tree structures and more
specifically relates to reconstruction and of a moving car-
diovascular tree structure from sequences of and geographic
images and analysis of such a reconstructed moving model.

[0004] 2. Discussion of Related Art

[0005] Tt is generally known in the art to display a recon-
structed three-dimensional representation of a vascular tree
structure from multiple two-dimensional radiographic
images of the subject vascular tree structure. Co-pending
patent application 09/444,138 teaches particular methods for
accurately reconstructing a three-dimensional representation
of a vascular tree structure from pairs of two-dimensional
radiographic images each representing a view from a par-
ticular imaging angle. Such a three-dimensional recon-
structed representation may be derived from, for example, a
pair of images generated in a biplane radiographic imaging
system or from a pair of images generated by a single plane
radiographic imaging system positioned at each of two
distinct viewing angles.

[0006] Such a three-dimensional reconstructed represen-
tation of a vascular tree structure is useful, as known in the
art, for visualizing the vascular structure and for quantitative
analysis of various measured attributes and parameters of
selected portions of the vascular tree structure. For example,
as discussed in co-pending patent application 09/444,138
such quantitative analysis and visualization is helpful for
clinical procedures involving vascular implants and bypass
procedures.

[0007] As presently practiced in the art, such visualization
and quantitative analysis are applied only to a single, static
frame of radiographic images—i.¢., a snapshot in time. For
example, biplane angiographs providing one static image of
a coronary vascular structure in each of two viewing angles
may be used to construct an accurate three-dimensional
representation of the coronary vascular structure in one
particular position corresponding to the static frame snap-
shot of the images. However, as commonly known in the art,
vascular tree structures, especially coronary vascular struc-
tures, are in movement as blood is circulated through the
structures.

[0008] In particular, coronary arteries and veins are
dynamic, curvilinear structures that have a great degree of
individual to individual variability and tortuosity. In the
cardiovascular arena, percutaneous catheter-based interven-
tional (i.e., therapeutic) procedures include a variety of
coronary interventions, such as the placement of metal
stents, atherectomy, radiation emitting catheters, devices to
trap embolization of atherosclerotic debris, and placement of

1. Field of the Invention
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pacing electrodes in the coronary venous system. These
procedures presently use two-dimensional X-ray based
imaging as the sole or the major imaging modality for
procedure guidance and quantification of key parameters.
With the complex motions of the heart during each contrac-
tion, the degree of curvilinearity of coronary arteries under-
goes a considerable change. Dynamic variations of coronary
vascular curvilinearity have been very difficult to study
because the forms of coronary angiographic imaging used
clinically represent vascular structure only in two-dimen-
sional format. Such a format does not provide anything but
a rough semi-quantitative approach for studying the normal
and changing curvilinearity of this coronary vascular tree
and also limits the ability to quantify the degree of straight-
ening caused by equipment transiently or permanently
placed in coronary arteries during therapeutic procedures.
Therefore, a quantitative description of coronary geometry
and motion is required both for the mathematical modeling
of arterial mechanics and for the evaluation and performance
of a variety of current and emerging therapeutic procedures.

[0009] Some prior solutions have suggested coronary arte-
rial movement analysis using bifurcation points or 3-D
vessel centerlines of the coronary arterial tree. To facilitate
the assessment of coronary arterial movements, it is neces-
sary to recover the 3-D information of the coronary arterial
tree throughout the cardiac cycle. These techniques provide
limited analysis of a discrete set of points (the selected
bifurcation points) of the arterial tree. Thorough analysis of
the entire arterial tree, or arbitrary selected portions of the
tree are not feasible when only discrete points are captured
for analysis.

[0010] Other solutions suggest computer assisted tech-
niques for estimation of the 3-D coronary arteries from
biplane projection data have been reported. These methods
were based on the known or standard X-ray geometry of
projections, placement of landmarks, or the known vessel
shape and on iterative identification of matching structures
in two or more views. These reported techniques require a
high degree of accuracy in the imaging equipment to record
precise angles of imaging. Such accurate calibration is rare
and generally not feasible in practical applications of such
systems.

[0011] In another prior solution, a method based on
motion and multiple views acquired in a single-plane imag-
ing system was proposed. In these solutions, the motion
transformations of the heart model consist only of rotation
and scaling. By incorporation of the center-referenced
method and initial depth coordinates and center coordinates,
a 3-D skeleton of coronary arteries was obtained. This prior
solution presumes a simplified model of the motion of the
heart. In fact, cardiac movement is far more complex. Heart
motion during contraction and relaxation actually involves
five specific movements: translation, rotation, wringing,
accordion-like motion, and movement toward to the center
of chamber. The simplified model employed by this prior
solution cannot therefore accurately model the true motion
of the heart nor therefore of the cardiac arterial tree struc-
ture.

[0012] Other knowledge-based or rule-based systems have
been proposed for 3-D reconstruction of coronary arteries by
use of the model of a vascular network model. Because the
rules or knowledge base were organized for certain specific
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conditions, it is not likely to generalize the 3-D reconstruc-
tion process to arbitrary projection data. These knowledge
based systems utilize the knowledge of certain known heart
conditions. These prior solutions do not therefore easily
adapt to generalized aspects of cardiac motion nor to related
arterial tree motion.

[0013] In yet another prior solution, the 3-D coronary
arteries were reconstructed from a set of X-ray perspective
projections by use of an algorithm from computed tomog-
raphy. Due to the motion of heart, only a limited number of
projections can be acquired. Therefore, accurate reconstruc-
tion and quantitative measurement are not easily achieved.

[0014] Closed-form solution of the 3-D reconstruction
problem using a linear approach is suggested by still other
prior solutions. Unfortunately, actual data are always cor-
rupted by noise or errors and the linear approach based
techniques may not be sufficiently accurate from noisy data.

[0015] In view of these various problems, optimal estima-
tion has been explicitly investigated by still other prior
solutions. A two-step approach has been proposed for an
optimal estimation for a 3-D structure based on maximum-
likelihood and minimum-variance estimation. Preliminary
estimates computed by the linear algorithm were used as
initial estimates for the process of optimal estimation. The
second step to then refine the preliminary estimate can
encounter mathematical problems if the preliminary esti-
mate Is too inaccurate as is often the case. In essence, the
second refinement can get “trapped” in a sub-optimal math-
ematical solution by such an inaccurate preliminary esti-
mate.

[0016] No presently practiced imaging techniques are
known to provide for accurate reconstruction of a moving
three-dimensional representation of a vascular tree structure.
Neither is it presently known to provide for quantitative
analysis of selected segments of such a reconstructed, mov-
ing three-dimensional representation of a vascular tree struc-
ture.

[0017] It is evident from the above discussion that a need
exists for improved visualization and quantitative analysis
techniques for reconstruction, display and analysis of a
three-dimensional representation of a moving vascular tree
structure. In particular, a need exists for improved tech-
niques for visualizing and analyzing movements of a coro-
nary vascular tree structure through a cardiac cycle from
sequences of angiographic images.

SUMMARY OF THE INVENTION

[0018] The present invention solves the above and other
problems, thereby advancing the state of the useful arts, by
providing methods and associated systems for reconstruct-
ing, visualizing and analyzing a three-dimensional represen-
tation of a moving vascular tree structure from time varying
sequences of radiographic images thereof. A broad purpose
of the invention is to provide a novel patient-specific 4-D
(e.g., 1-D in time varying space plus 3-D geometry) vascular
model and to provide quantitative display tools to improve
patient outcomes and enhance patient safety during, for
example, percutancous catheter-based interventions. In
addition, these dynamic vascular trees can be displayed for
an in-room advanced visual interface for the operator to
better understand the target for intervention.
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[0019] The invention broadly consists of three major pro-
cesses (1) reconstruction of moving vascular tree throughout
its motion cycle, (2) establishment of temporal correspon-
dence with the smoothness constraints, and (3) kinematic
and deformation analysis of the reconstructed 3-D moving
vascular trees throughout its movement cycle.

[0020] Still more specifically, as applied to cardiovascular
tree structures, the present invention provides methods and
systems for reconstructing a moving coronary arterial tree
throughout its cardiac cycle movement, establishment of
temporal correspondence between sequences of imaging
frames, and quantitative analysis of various kinematic and
deformation measures of the reconstructed, displayed three-
dimensional moving coronary arterial tree.

BRIEF DESCRIPTION OF THE DRAWINGS

[0021] This patent or patent application file contains at
least one drawing executed in color. Copies of the patent or
patent application publication with color drawing(s) will be
provided by the Office upon request and payment of the
necessary fee.

[0022] FIG. 1 is a flowchart describing the overall pre-
cessing of methods of the present invention.

[0023] FIGS. 2a-2¢ respectively show an example of a
manually identified 2-D coronary arterial tree superimposed
to the corresponding image, the initially identified 2-D
model corresponding thereto and the corresponding final
2-D coronary arterial tree.

[0024] FIG. 3 depicts the determination of correspon-
dences using the epi-polar plane.

[0025] FIGS. 4a-4b depict corresponding points from two
views.
[0026] FIG. 5 shows a refinement process employed to

calculate the refined correspondence using optimal paramet-
ric arguments.

[0027] FIGS. 6a and 6b provide an exemplary pair of
angiograms from two angles.

[0028] FIG. 6c shows a first reconstruction of the arterial
tree represented by FIGS. 64 and 6b.

[0029] FIG. 6d shows a refined reconstruction of the
arterial tree represented by FIGS. 6a and 6b.

[0030] FIG. 7a and 7b show a refined reconstructed
arterial tree and a skeletal representation thereof, respec-
tively.

[0031] FIG. 8 shows an exemplary global flexion analysis
for a representative selected segment of a reconstructed
arterial tree.

[0032] FIGS. 9a and 9 show two sequences of six images
of an arterial tree for each of two viewing angles, respec-
tively.

[0033] FIGS. 9c-9% show the color coded results of an
exemplary 3-D reconstruction of the sequences of FIGS. 9a
and 9b as deformation analysis and kinematic analysis.

[0034] FIGS. 10z and 10b show two sequences of six
images of an arterial tree for each of two viewing angles,
respectively.
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[0035] FIGS. 10c-10k show the color coded results of an
exemplary 3-D reconstruction of the sequences of FIGS.
10a and 10b as deformation analysis and kinematic analysis.

[0036] FIG. 11 is a sequence of exemplary, color-coded,
curvature analysis displays corresponding to a first selected
view of a reconstructed 3-D arterial tree.

[0037] FIG. 12 is a sequence of exemplary, color-coded,
curvature analysis displays corresponding to a second
selected view of a reconstructed 3-D arterial tree.

[0038] FIG. 13 is a flowchart of a method to determine a
transformation matrix for each pair of images in a sequence
of cine arteriograms.

[0039] FIG. 14 is a flowchart describing a method to
determine correspondences between images in a sequence of
cine arteriograms.

DETAILED DESCRIPTION OF THE
PREFERRED EMBODIMENTS

[0040] Throughout this patent application, references are
made to vascular and arterial tree structures as well as
cardiovascular structures. As the terms relate to the present
invention, all such vascular and arterial tree structures may
be considered equivalent. Applications of the present inven-
tion are readily apparent in analysis of cardiovascular struc-
tures. Other applications for other vascular and arterial
structures are similarly apparent to those of ordinary skill in
the art. References herein to cardiac structures and motion
should therefore be understood not as limitations on the
application of the invention nor as limitations on the struc-
tures or methods of the claimed invention. Rather, all
references to any particular vascular or arterial structure
should be broadly understood to represent any arterial or
vascular structure for which cine images of motion can be
generated.

Reconstruction of Moving Coronary Arterial Tree

[0041] A first aspect of the present invention provides
methods and associated systems for 3-D reconstruction of a
vascular tree structure, Prior methods taught by co-pending
patent application 09/444,138 are enhanced and extended
herein to accurately reconstruct the moving coronary arterial
trees throughout the cardiac cycle based on two sequences of
cine angiograms acquired from a biplane or single-plane
imaging system. The present reconstruction method broadly
comprises four major steps: (A) acquisition of two angio-
gram sequences based on a single-plane or biplane imaging
system, (B) identification of 2-D coronary arterial trees and
feature extractions including bifurcation points, vessel diam-
eters, and vessel directional vectors in the two image
sequences, (C) determination of transformation in terms of
a global T, and a local transformation Ty matrices based on
the identified vessel features, and (D) calculation of moving
3-D coronary arterial trees based on the transformations and
extracted vessel features.

[0042] 1t will be readily recognized by those of ordinary
skill in the art that the analysis aspects and features of the
invention discussed herein below may be applied to a
reconstructed 3-D representation of the moving arterial tree
reconstructed according to any reconstruction technique.
This particular reconstruction technique is therefore merely
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one possible reconstruction technique believed to generate
an accurate 3-D representation of an arterial tree.

A. Image Acquisition

[0043] After routine cardiac catheterization is initiated, a
standard coronary arteriogram may be completed in two
standard views; one injection in a biplane system and two
injections in a single plane imaging system. Such images
may be acquired at a rate of 15 frames per second in each
view throughout the cardiac cycle in each of the two views.
The images may be selected with the aid of the superim-
posed electrocardiogram (ECG) signals and transferred to an
appropriate personal computer or workstation for the 3-D
reconstruction process. The images may be at a resolution of
512x512 matrix with a pixel color depth of one byte per
pixel or any other desired resolution and pixel color depth.

[0044] Radiographic systems and methods are common
for generating such images. However, those of ordinary skill
in the art will recognize that numerous other imaging
systems and methods may be employed to provide requisite
2-D images. For example, magnetic resonance imaging
(MRI) systems and techniques generate images applying
very different principles and methods. Computer tomogra-
phy (CT) techniques and systems use computer image
enhancement techniques to create 2-D images. All such
sources of images are useful in association with the recon-
struction aspects, features, methods and systems of the
present invention.

B. Segmentation and Feature Extraction of 2-D
Coronary Arterial Trees throughout the Cardiac
Cycle

[0045] An interactive, computer-based, semi-automatic
system based on the technique of deformation model and
segmentation may be employed as known in the art for the
identification of the 2-D coronary arterial tree in the
acquired angiograms. The required user interaction involves
only the indication of several points inside the lumen, near
the projection of each vessel centerline in the angiogram.
After identifying such points, a spline-curve may be formed
based on the selected points. The spline-curve may serve as
the initial centerline of a corresponding vessel. An m by m
operator (ridge operator) may be applied to convolve the
given image by which the pixel is selected if it is a local
minimum on intensity. By use of the deformation model, the
identified pixels serve as the external forces to act on the
initial model curve such that it will be gradually deformed
and finally reside on the real centerline of the vessel.

[0046] Co-pending patent application 09/444,138 pro-
vides a detailed discussion of such processes of feature
extraction for a single, static pair of angiograms.

[0047] The identified centerlines and the branching rela-
tionships may be used for construction of the vessel hierar-
chy in each angiogram by their labeling according to the
appropriate anatomy and connectivity among the primary
and secondary coronary arteries.

[0048] After the 2-D coronary arterial tree on the image
acquired at the first time frame is obtained, it may be used
as the initial 2-D arterial tree model for identification of the
coronary arterial tree on the angiogram acquired at the next
time frame. The ridge operator and deformable model may
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be employed as described previously such that the initial
model curve is gradually aligned with the real centerline of
vessel. Such a procedure may be performed iteratively to
identify the 2-D coronary arterial trees with the associated
coronary features in each angiogram sequences.

[0049] FIG. 1 is a flowchart depicting the 2-D feature
extraction as an iterative process where the first image in the
sequence of images may be used as an initial centerline
approximation for the next image and so on for each image
in the sequence. In particular, element 100 is first operable
to access the next (first) image pair in the pair of cine
angiogram sequences. Those of ordinary skill will under-
stand, as noted elsewhere herein that cardiovascular struc-
tures are but one example of a useful application of such
sequences of radiographic images. Numerous other
examples of dynamic, moving vascular tree structures will
be readily apparent to those of ordinary skill in the art.
Element 102 then determines whether this image pair is the
first in the sequence of images. If so, processing continues
with element 104 to receive user input to identify a sequence
of points and landmarks along the vascular tree 2D images
to permit 3D reconstruction of the vascular structure at this
first image pair from the sequence of time varying image
pairs. Processing then continues as below with element 108.
If element 102 determines that this is not the first image pair
in the sequences of time varying image pairs, then element
106 is next operable to display the next pair of images in the
time varying sequences superimposed with a 2D projection
of the identified tree structure from the previous image pair
with the identified points therefrom. Element 106 also
receives user input to move the displayed point to new
locations corresponding to the same points in the next time
varying pair of images. Processing then continues with
element 108.

[0050] Element 108 is then operable to align the 2D model
of the present displayed pair of images according to the
deformation discussed herein. Specifically, the 2D model is
adjusted according to smoothness constraints and other
constraints as discussed further herein below. Following the
automatic deformation and smoothing of element 108, ele-
ment 110 and 112 are operable to optionally receive user
input to adjust the automatically determined projection. In
particular, element 110 determines whether the user desires
to make such adjustments and if so, element 112 receives
user input to define any such adjustments.

[0051] Element 114 is then operable determine parameters
of the reconstruction process (identify bifurcation points,
vessel diameters and direction vectors) and to construct the
3D representation of the vascular tree corresponding to the
present time varying image pair. Element 116 then deter-
mines if this was the last image in the time varying
sequences of images. If not, the process continues by
looping back to element 100 to process the next pair of
images from the time varying sequences of images.

[0052] FIG. 2a shows an example of a manually identified
2-D coronary arterial tree superimposed to the correspond-
ing image. FIG. 2b then shows this initially identified 2-D
model (of FIG. 2a) superimposed to the next image in
conjunction with the optical calculation. After the alignment
and editing process, the final 2-D coronary arterial tree may
be obtained as shown in FIG. 2c.
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C. Determination of Transformations Characterizing
Two Pairs of Angiographic Views

[0053] By use of a biplane or single-plane system for
image acquisitions, the spatial relationship between any two
views can be characterized by a transformation in the forms

of a rotation matrix R and a translation vector { with the
X-ray source (or focal spot) served as the origin of 3-D
coordinate space. In the first view, let (u;, v;) denote the
image coordinates of the i-th object point, located at position
(%3, i, z:). Therefore, u=Dx,/z;, v;=Dy,/z;, where D is the
perpendicular distance between the X-ray focal spot and the
image plane. Let (&;, 1;) denote the scaled image coordi-
nates, defined as E=u,/D=x,/z;, N;=v;/D=y,/z;. The second
projection view of the biplane imaging system can be
describe in terms of a second pair of image and object
coordinate systems u'v' and x'y'z' defined in an analogous
manner. Scaled image coordinates (§;, ;) in the second view
for the i-th object point at position (x';, ¥, z';) are given by
Z=u/D'=x'/z, n'=v/D'=y'/z. The geometrical relation-
ship between the two views can be characterized by

Xi Xi ryore ns (Y-

, S

Yi|=R-qlyi|—tp=|ra rn || Vil |
z % TR B g

[0054] As in co-pending patent application 09/444,138,
the transformation may be calculated based on the identified
bifurcation points and direction vectors of the 2-D coronary
arterial trees in each view. The required prior information
(i.e., the intrinsic parameters of each single-plane imaging
system) including: (1) the distance between each focal spot
and its image plane, SID (focal-spot to imaging-plane dis-
tance), (2) the pixel size, Py, (¢.g., 0.3 mm/pixel), (3) the
distance JJ' between the two focal spots or the known 3-D
distance between two points in the projection images, and
(4) iso-center distance (with respect to which the rotary
motion of the gantry arm rotates) relative to the focal spot.
Given the set of 2-D bifurcation points and directional
vectors extracted from the pair of images, an “optimal”
estimate of the transformation and 3-D object point struc-
tures may be obtained by minimizing:

min Fy(P, Pov, V)=

p.0 v
A 2 Ji , M ) / yz/ :
S22 o)
¥ =l I + |7 - Bl |-
[0055] where n denotes the number of pairs of correspond-

ing points extracted from the two images and P and P! denote

the sets of 3-D object position vectors Fi =(x;, ¥;, Z;) and

2 (! ' ' . - g

p'=(x, ¥, 2, respectively, v, and v',, denote the respec-

tive 2-D vessel directional vectors of bifurcations in each
— - —

s vatandv={v', v, ...,

V' ) denote the projections of calculated 3-D vessel direc-
tional vectors of bifurcations in two views, respectively.

. - —
views, and v={ v |, v, ..
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[0056] A coarse-to-fine processing is employed to accu-
rately determine the transformation associated with each
pair of angiograms throughout the cardiac cycle. FIG. 13 is
a flowchart describing a method of the present invention to
determine a transformation for each pair of images. Element
1300 first determines a global transformation T, as discussed
further herein below. Elements 1302 and 1304 are then
iteratively operable to compute a local transform T, for each
pair of images at time sequence index k. The transformations
are determined as discussed herein below.

[0057] Let Fkﬁ(xki, v&, z5) denote the i-th bifurcation
point, where i=1, . . ., n,_identified in the first view acquired
at the k-th time frame of m instances throughout the cardiac

cycle, where k=1, . .. , m. Similarly, let, F‘ki=(x'ki, v, z"

denote the i-th bifurcation point corresponding to Fki iden-
tified in the second view at the k-th time frame. Based on the
corresponding bifurcation points and vessel directional vec-
tors extracted from the cardiac cycle, the global transfor-

mation in terms of a rotation matrix Rg and a translation

vector ?g can then be calculated. Since the relationship
between the two views can be characterized by a rotation

matrix R and a translation vector ?:[tx, t;, t,] as shown in

the above equations can be expressed as:
min Fz[Rg, ;g, P, v’) =
Rg.ig.p' v
ke \2 Jk\2 g 2
a N w Yi CL'p +ix
E [ﬁ' _T] +[; _/_k] HE -+
- Yi 4 c3 p; +Ip

Caepi 41
R

2

k
LI+ =571,

[0058]

between the end-diastole and end-systole, E)k denotes the
respective k-th colummn vectors of matrix R, Rg'1 is the

where m denotes the number of time frames

. . —> Ed
inverse matrix of R, and [ ], ([ o ],,) denotes the pro-
jection of a 3-D vector o onto x-y (x'-y') plane.

[0059] The calculated R, and ?g are the estimates that
characterize the two image sequences. When a biplane
system is employed, each pair of angiograms may be
acquired almost simultaneously throughout the cardiac
cycle. Therefore, the global transformation is feasible to
define each pair of images acquired from different time
frames. When a single-plane system is adopted, the two
image sequences may be acquired independently (i.c., two
separate injections) corresponding to two different single
cardiac cycles. Hence, the global transformation may not
truly characterize every pair of images throughout the car-
diac cycle; especially for those image pairs near the end-
systolic time frame. By use of the global estimates, a
refinement process is employed to calculate the new trans-

formation in terms of R, and t k—(tk b tk) so that it can
accurately characterize each individual palr “of angiograms
acquired at different time frames by minimizing:
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. 5
min F3(R,(,I‘K,P;(,V;():
Ry }k ,P,/‘ ,V,/(

"

2 i\ A L
X} v Ciy Py +1Ix
1k i 7k i 1 7
E[i ——] [’h—Tk]Jffik:T +
4 4 Ciy Pi +1

i=1

S -ﬁfk+t : k 2
[ﬂf‘fﬂiﬁky] - [RA I+ -1,
Cis ' P; +1

[0060]

subject to the constraints

IRe-Rgl[<8,,, [T T /=8,
[0061] where ?kj denotes the respective j-th column vec-

tors of matrix Ry, |R and | €| represent the matrix and
vector norms, 8, and d; denote the upper bounds of respec-
tive norms, (51 , n 5 and £'5, ' denote the 2-D bifurcation
points extracted from the ﬁrst and second views at the k-th

time frame, respectively, 7‘3‘ and p 'k—(Xl , V55 29,
i=1,2, . .., are the projections of calculated 3-D direc-

tional vectors and bifurcation points on the second view at

the k-th time frame, and 73‘ and 7‘3‘ are the extracted 2-D
directional vectors at the k-th time frame.

D. Calculation of 3-D Coronary Artery Skeleton

[0062] After the transformation (R, ) that defines
every pair of two views in the image sequences was
obtained, this information may be used to establish the point
correspondences on each pair of 2-D vessel centerlines and
calculate 3-D structures of coronary arterial tree. The trans-
formation in conjunction with the epi-polar constraints and
vessel hierarchy may be employed as the framework for
calculation.

[0063] Referring now to FIG. 3, if the relative orientations
of two gantry angles are known (i.¢., the locations of two
focal spots F, and F, of the two images each having a center
point C, and C,, respectively), the correspondences of image
points can be solved by use of “epi-polar constraints.” As
shown in FIG, 3, let P denote a 3-D point, and let P, and P,
the projections of P, denote the pair of corresponding points
in two images. Such constraints state that these points, F,,
F,, P, P,, and P, are all on one plane called the epi-polar
plane as shown in FIG. 3. The epi-polar plane and each
image plane intersect along a straight line called the epi-
polar line (as labeled in FIG. 3). Therefore, the location of
point P, in the second image must lie on the epi-polar line
resulting from the intersection between the second image
plane and the plane defined by point P, and the two focal
spots.

[0064] A typical example of initial correspondence estab-
lishment by use of epi-polar constraints where points A, B,
C, and D at the first view are defined by finding the
intersections between the 2-D curve associated with left
anterior descending artery (LAD) artery and respective
epi-polar lines defined by a, b, c, and d at the second view
as shown in FIGS. 4a and 4b. Specifically, FIG. 4a shows
a first angiogram with four identified points: A, B, C and D.
FIG. 4b shows the matching angiogram from another view
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angle with the corresponding four points a, b, ¢ and d
established by the initial correspondence.

[0065] When the epi-polar line is “tangential” relative to
the 2-D vessel centerline curve, the accuracy of the calcu-
lated intersection point becomes sensitive to any small errors
in epi-polar line derived based on the calculated transfor-
mation. To overcome the problem, a refinement process as
shown in FIG. 14 may be employed. FIG. 14 provides a
flowchart describing a method of the present invention to
compute correspondences between points in each pair of
images in the sequence. Element 1400 is first operable to
calculate an initial point correspondence for the k-th pair of
images based on epi-polar constraints and the corresponding
transformation T,. Element 1402 then refines the correspon-
dences based on individual pairs of arterial segments and a
nonlinear optimization. Element 1404 then refines the deter-
mination of vessel centerlines and diameters. Element 1406
causes the processing of elements 1400, 1402 and 1404 to
repeat for each of the k time frames of the sequence. FIG.
5 shows a typical result of the refinement process employed
to calculate the refined correspondence using optimal para-
metric arguments s, s,%, . . . snkk based on the following
equation:

min  FyBy, P, vi) =
Sk,PE VK

P 4 \2

k2 e =
X; Vi Cpop; +ip
Tk i 7k Ji - 1 i x
§ [fi ‘Tk] +[’h | RS | ¢
o o Ciy Py +ii, )

=l ’

o ok e \2
fish- 22
y\i ——

Gy i+, )

2

LN R TP

+

Ik ko ok ks sk ik 1k
Po={p =t v gli= L and v = (7 T

i

[0067] denote the set of parametric variables, the set of
3-D object position vectors, and the set of 3-D vessel
directional vectors to be optimized, respectively, n, denotes
the number of points of the 2-D vessel centerline at the k-th
time frame,

(s, £,(55)) and (&, %)
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[0068] are the respective spline-curve model and extracted
2-D vessel centerline points in two views,

£ = (), £1s6)) and ¥

[0069] denote the respective spline-curve model and
extracted 2-D directional vectors of vessel centerlines in
cach view,

(R3] and 7,

i

[0070]

tional vector on the respective image planes, ?kj, 1=1,2,3,
denotes the respective j-th column vectors of matrix Rk, and
Rk is the inverse matrix of Rk estimated at the k-th time
frame. The 3-D position vectors

denote the projection of the calculated 3-D direc-

itk .
Po={p = v =1

[0071] on vessel centerline are computed as indicated
below where the 2-D pair correspondence (55, M%) are
substituted by the 2-D spline-curve function f(s*)=(fx(s%),
F¥(s%)). Based on the equations, the vessel centerline cor-
respondences are globally established by incorporating the
entire vessel shape in terms of directions and locations that
will yield more accurate results than those obtained by only
use of epi-polar constraints with local vessel segment points;
especially when epi-polar line and vessel segment are tan-
gential.

[0072] FIGS. 6¢ and 6d show the results of 3-D left
coronary arterial (LCA) reconstructed from a pair of angio-
grams as shown in FIGS. 64 and 6b based on the simple
epi-polar technique and the refinement process, respectively.
The reconstruction of left main artery apparently illustrates
inaccurate results based on the simple epi-polar process
(FIG. 6c) which are corrected after employing the refine-
ment process (corrected as in FIG. 6d). The incorrect
reconstruction of FIG. 6c is caused by the complete occlu-
sion of the mid-LAD section of the first angiogram of the
pair (i.e., FIG. 6a)

[0073] With the point correspondences on 2-D vessel
centerlines (%, n*) and

€ .7h

[0074] and the transformation (Rk, T)k) at the k-th time
frame, the 3-D vessel centerline points of coronary arteries
(ij, ykj, ij)’s can then be calculated based on the following
equations:
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di = [y, _rk31‘>c}k’ Ty _rksl'ly(’ Loy

i e Ik t
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[0076] and rk; denotes the component of the rotational
matrix Ry at the k-th time frame.

[0077] After the 3-D vessel centerlines and lumen diam-
eters are obtained, the anatomical morphology of coronary
arterial tree can then be generated by a surface based
reproduction technique. The 3-D lumen surface is modeled
on the basis of a sequence of cross-sectional contours. Each
contour S; along the vessel is represented by a d;-mm
circular disk centered at and perpendicular to the 3-D vessel
centerline. The surfaces between every pair of consecutive
contour S; and S, , are generated based on a number of
polygonal patches. With the modeled lumen surfaces, the
morphology of reconstructed coronary arterial tree can be
easily reproduced by employing well known techniques of
computer graphics.

II. Establishment of Temporal Correspondence
with Smoothness Constraints

[0078] The process of “temporal correspondence” may be
performed to characterize the motion trajectory of every
vessel centerline point on the coronary artery moving from
the end-diastolic to the end-systolic time frames. The “mini-
mal principles” in physics state that certain quantities are
minimized when a physical process takes place. Such a
theory led to the derivation of Hamilton’s Principle which
can be stated as follows: “Of all the possible paths along
which a dynamic system may move from one point to
another within a specified time interval (consistent with any
constraints), the actual path followed is that which mini-
mizes the time integral of the difference between the kinetic
and potential energies”. See for example, Y. C. Fung,
Foundations of Solid Mechanics, Prentice-Hall Inc., Engle-
wood Cliffs, N.J., 1965. Based on Hamilton’s Principle, the
problem of establishing temporal correspondence on each
coronary artery can be modeled as searching the trajectory
by which every artery spends minimal energy to change
from its current position to a new position during contraction
or relaxation and meanwhile maintains its shape similarity
between every two consecutive time frames. Let k and k'
denote the end-diastolic and end-systolic time frames,
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respectively. For every 3-D coronary arterial tree recon-
structed at the two time frames, its j-th artery at end-diastolic
time frame 1kj and at end-systolic time frame lk'j can be
modeled as a sequence of n, points

Ph= (P = (o s ),

[0079] where i=1,. . ., n,, and a sequence of n,. points
Bl = )
[0080] wherei=1,...,n,, respectively. To assess coronary

arterial deformation, the temporal correspondences of each
pairs of 3-D coronary artery lkj and lk']- moving between the
end-diastolic time frames k and end-systolic time frame k'
must be established by using the equation as follows:

e ’ 2
o LI felsi]
I;g/n Al)= Z sz}{ Aty yr *

=1
1 ’ o pt
RSP - Pl = |f () = Ao sE ) +
(7= 106+ [NE= T
[0081]

subject to constraints

A/ ! !
05, sxjgjs... =1,

and
[0082] where
mfj and K,’j-

[0083] denote the mass and module of elasticity at the
arterial segment

>

[0084] respectively. The symbol Atk, k' is the elapsed time
between the k-th and k'-th time frames. The function

Jolds)
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0085] defines the 3-D artery I passing through the vessel
]
centerline points

[0086] The symbol
8 e )
[0087] denotes the set of parametric variables correspond-

ing to the 3-D vessel centerline points of the artery

Ko7k
J

&
5 and Nj

[0088] denote the tangent and normal vectors at point
[0089] The parametric curve function

fir ()
[0090] defines the centerline points of the artery 1kj. Simi-
larly,

76)
[0091] and

121)
[0092] denote the respective first and second derivatives of

parametric curve function

folss).

[0093] By assuming the uniform material density, the
mass associated with each vessel centerline point is approxi-
mately proportional the area of cross section

(ie. m;j o df,-).
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[0094] The module of elasticity at one vessel centerline
point is defined to be inverse proportional to the area of the
cross section

(e, Kijoc 1/d%).

[0095] Numerous standard mathematics library functions
are readily available to those of ordinary skill in the art. For
example, the subroutines ve17 and v{13 of Harwell Subrou-
tine Library may be employed to solve the above equation.
(Harwell Subroutine Library, vol. ¥, AEA Technology,
Harwell Laboratory, Oxfordshire, England, December
1995).

[0096] The first term in the above minimization equation
defines the required minimal kinetic energy due to motion
and the second term characterizes the minimal change in
potential energy due to arterial segment stretching or fore-
shortening between k and k' time frames. The local shape
similarity between the two coronary arteries is characterized
based on the last two terms by minimizing the total angle
differences of tangent and normal vectors at every pair of
corresponding points on the respective arteries. On the basis
of the above minimization, the temporal correspondence of
vessel centerline points between any two time frames (e.g.,
end-diastole and end-systole) can be established.

[0097] A regularization solution may be obtained by mini-
mizing an energy of the following form

2

b
dx
a

Bf)= ) L - i o2 [ [70e
€A

[0098] where Ais a set of indices to the sample data points,
x;’s are the locations of the data points, =0 is a weighting
factor and n=1 is an integer number. The first term on the
right hand side, called the closeness term, imposes the
constraint from the data d. The second term, called the
smoothness term or the regularizer, imposes the a priori
smoothness constraint on the solution. It is desired to
minimize both but they may not be each minimized simul-
taneously. The two constraints are balanced by L. Any f
minimizing the above equation may be a smooth solution in
the so-called Sobolev space W™,. In the Sobolev space,
every point of f is a function whose (n-1) derivative is
absolutely continuous and whose n-th £ derivative ™ is
square integrable. Different types of regularizer impose
different types of smoothness constraints. The employed
smoothness constraints function is a Bézier surface function
S(u, v) that is formed as the Cartesian product of Bézier
blending functions:

m n
S, = Y PiuBim@Bu),0 su,v <1,

=0 =0
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[0099] with P,, 1 specifying the location of the (m+1) by
(n+1) control points and subject to the constraints

=

WS, ), ) < A,
i=0 k=0

where

[0100]

ph = s, s, 26

[0101] denote the ns+l(ns>n) moving vessel centerline
points at individual nc+I(nc>m) time frames, (S, p)
denotes the distance between the point p to the surface
function S, and As=0 is a constraints relaxation factor.

[0102] Bj,m(u) and Bln(v) are polynomial functions of
degree one less than the number of control points used (i.e.,
at least a third order derivative function) and may be defined
as

B u(ut) = Clom, (1 =)™

B,(») = CU, nV'(1 - )™

[0103] and the C(m,j) and C(L,n) represent the binomial
coefficients

! It

. om! _ !
D= = = gy

IV. Kinematic and Deformation Analysis of Moving
Coronary Arterial Tree

[0104] As noted above, the analysis features and aspects
of the present invention may be applied to any reconstructed
3-D representation of an arterial tree structure. The above-
identified methods and structures for such reconstruction
and smoothing are but one exemplary technique believed to
generate highly accurate representations of the arterial struc-
ture. Numerous other methods and structure for generating
such a 3-D representation will be readily apparent to those
of ordinary skill in the art. In particular, rotational angiog-
raphy systems and techniques are rapidly developing that are
capable of generating 3-D representations of moving arterial
tree structures.

[0105] The skeleton of a reconstructed 3-D vessel may be
mathematically defined as a curve function p(s)=(x(s), y(s),
7(s)) connecting all the 3-D centerline points. A right coro-
nary arterial (RCA) tree shown in FIG. 7a as a full 3D
reconstruction and in and 7b as a skeleton structure, where
0=s=11s the parametric variable. The employed parametric
function is a Bézier curve p(s) that is formed as the Cartesian
product of Bézier blending functions:
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pls) = Z piBim(s),0 <5 <1,
=0

[0106]

subject to the constraints

PLsD=(x(sd), y(s), 2(s0)),

0=si=1,i=0,1, ... ns,

[0107] where p(si), i=0, . . ., ns, with (ns+1)24, denotes
the individual vessel centerline points, and p;, j=0, . .., m,
denote the (m+1) control points with nsZmzZ3. The
employed constraints ensure that the derived curve function
will pass through the vessel centerline points. B; .(s) is a
polynomial function of degree one less than the number of
control points used (ie., at least a third order derivative
function) and is defined as above.

A. Motion Analysis

[0108] Based on the calculated parametric variables and
function in the above equations, a trajectory of vessel
centerline point can be defined by a function ry(u) on the
basis of a Bézier curve as follows:

rij(u) = Z PiByn(e), D= u <1,
-0

[0109]

subject to the constraints

rijlog) = (e ), y(ng), 2o ) = fk(S{-‘j,),

Du<1,hk=0,1, ..., (n,-1),

[0110] where r;(uk), k=0, ... ,(nc-1), with nc=4, denotes
the i-th vessel centerline point

ks
Jilsip)

[0111] of the j-th vessel in the coronary artery tree moving
throughout nc time frames during the cardiac cycle, and

pig=0, ...,m,

[0112] denote the m+1 control points with nc2m=3. The
employed constraints ensure that the derived curve function
will pass through the vessel centerline pont moving through
the spatial domain. Bg,m(u) is a polynomial function of
degree one less than the number of control points as
described in the above equations.
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[0113] The displacement vector
Dsfrl
[0114] which define the arterial movement of the 3-D

vessel centerline point between the k-th and (k+1)-th time
frames can be easily calculated as

DE = fi (5 - fulsh) with P = fosh.

[0115] On the basis of the path function
1), rgjl)(u) and r(jz)(u)
[0116] can be derived that define two other motion param-

eters in terms of velocity and acceleration for every vessel
centerline point as

o (g —mu)
r:}_)(u) = Z p“gf—j(l ~ Bow(w), 0sus=l,
£=0

P = " (g = mu)* —mu? - g(1 =2u)
Y Y u?(1 —u)?

Bolt)
g=0

[0117] subject to the constraints

rilon) = oo, Yo, 200)) = fe 55,

Wo=041=00su <1,k=01,...., (-1

[0118] An alternate evaluation for the n-th derivative at
u=0 is given by

0= Y ek,
(m—n)'g:0 gln-g)!
[0119] and at u=1 by
(1) = m! 2 1) n! o
Y (m—n)'g:0 glin-gt"™
B. Local Deformation Analysis
[0120] By use of such a spline-based curve modeling

technique, one is able to apply the theory of differential
geometry such as Frenet-Serret apparatus (F-S theory) or its
variation to study the geometrical nature of the 3-D coronary
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artery or intracoronary device at any time frame during the
cardiac cycle. See for example, R. S. Millman and G. D.
Parker, Elements of Differential Geometry, Prentice-Hall
Inc., Englewood Cliffs, N.J., 1977. A technique based on the
F-S theory of differential geometry has been developed to
study the geometrical nature or tortuosity of the 3-D coro-
nary artery shape at any time frame in the cardiac cycle. The
F-S theory consists of five components: three vector fields
along the given curve (the tangent T(s), the normal N(s), and
the bi-normal B(s) vectors) and two scalar valued functions
(the curvature k(s) and the torsion 1(s)) where s denotes the
parametric variable defining the location of point on the
curve function(s). The curvature K(s,) measures the rate of
change of the angle defined by the two neighboring tangents
T(sy) and T(s,+9,) associated with the two points p(s,) and
p(se+d,). In other words, it characterizes the degree of
bending pertinent to a local curve segment in the neighbor-
hood between s, and s,+3, (i.¢., how rapidly the curve pulls
away from the plane n perpendicular to the tangent vector at
T(sy)). Similarly, the torsion at T(s,) measures a rate of
change (or twisting) at a point p(s,) how its trajectory twists
out of the plane €, perpendicular to the normal vector B(s,)).

[0121] The calculation of curvature and torsion at every
vessel centerline point s, is characterized by the following
equations:

(1)
T(sg) = £(50)

[P (s0)l

(1) (2)
Blso) = £ (s0)xp 7 (s0)

[P0 (50) x p (o)
N(so) = B(so)xT(so)

k[S )= M
T P

LM s0) x P (50)] - o (s0)
[P (s0) % p12) s )|

T(so) =

[0122] where p@(s) denotes the i-th derivative with
respect to s. Generally, the above equations define a micro-
scopic approach to look in very small neighborhoods of
points. Therefore they are regarded as primitives for assess-
ing the local geometrical property of a curve.

C. Global Flexion Analysis

[0123] The analysis may be performed by comparing the
coronary trees reconstructed at two different time frames k
and k'. The enclosed angle 6, (8,) may be defined as the
angle formed by two chords that extend from a point along
the centerline to the location with the minimal length
between a pre-defined length d,(e.g., 5 mm) and the next
local minimal curvature 8, in each direction as shown in
FIG. 8. The enclosed angle may be calculated for every
point of the centerlines between the two time frames. The
flexion angle 0., is calculated as the difference between 6,
and 0, (ie., Bp,,=0,—0,) for every vessel centerline point.
The local maximum with the value greater than a threshold
o (e.g., 15 degrees) is marked as a flexion point (FP) with
bending movement. Similarly, the local minimum with the
value less than a threshold —o (e.g., -15 degrees) is marked
as a flexion point (FP) with straightening movement. Note
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that the threshold value can be chosen dynamically within a
range (e.g., 7.5 degrees-45 degrees) such that different sets
of FPs can be calculated.

D. Dynamic Rendering

[0124] The kinematic and deformation measurements ry;,
r(l)i]-, r(z)ij, K(s), 7(s) and 6., may be color coded on the
lumen of moving coronary arterial tree. Seven colors (red,
orange, yellow, green, blue, cyanic, and purple) may be used
to represent the magnitudes of each kinetic measurement.
The magnitude of each measurement throughout the cardiac
cycle are divided into 7 sub-regions corresponding to each
color where the red color denotes the largest magnitude and
purple color represents the smallest magnitude. Those of
ordinary skill in the art will recognize that any number of
colors and gradations of colors may be used to represent the
dynamic measures.

V. Exemplary Results

[0125] 1In FIGS. 94 and 9b, an example is shown of a pair
of left coronary cine angiograms acquired between end-
diastole and end-systole using a single-plane imaging sys-
tem. Specifically, FIG. 92 is a sequence of six (6) from a first
angle of a single plane imaging system and FIG. 9b is a
second sequence of six (6) images from a different angle of
the same single plane imaging system. Both image
sequences cover (in six frames) an entire cardiac cycle of the
movement of the coronary arterial tree. FIGS. 9¢ through 9%
show the color coded results of the reconstruction as defor-
mation analysis and kinematic analysis.

[0126] The reconstructed 3-D moving coronary arterial
trees with the kinematic analyses throughout the cardiac
cycle are illustrated in FIGS. 9¢, 9d and 9e. In particular,
FIG. 9c indicates the degree of curvature of the arterial tree
over its range of motion through the cardiac cycle. six
images are shown superimposed over one another corre-
sponding to the six images in the original cine angiogram
sequences. For clarity of this presentation, only one of the
six 3D, color coded images 1s shown atop the others with
others shown “greyed” out as “shadow” 3D images behind
the top most image. In practice, the sequence of images may
preferably be presented to the user as a sequence of 3D
reconstructed images, each color coded to express a particu-
lar quantitative measure (if selected), such that the user may
view the structure as a moving 3D model of the dynamic
vascular structure. In one aspect of the invention, the user
may interact with the system to select a particular “frame”
of the 3D reconstructed views or may sequence through the
frames in fast or slow motion to view the overall motion of
the vascular structure. In all cases, a user may also request
the quantitative analysis of a selected attribute so as to
present the 3D model with color coding to represent the
dynamic measure of the selected attribute through the cycle
of motion of the vascular tree.

[0127] The deformation analyses in terms of curvature,
torsion, and are illustrated in FIGS. 9f, 9¢ and 94. The
components of displacement, velocity, and acceleration
along x-, y-, and z-axis are demonstrated in FIGS. 9i, 9j and
9%, respectively.

[0128] Similarly, another example is shown of right coro-
nary cine angiograms acquired between end-diastole and
end-systole, also from a single-plane imaging, in FIGS. 10a
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and 10b. The reconstructed dynamic 3-D coronary arterial
trees with the corresponding kinematic and deformation
analyses are shown in FIGS. 10c, 10d and 10e and FIGS.
10f, 10g and 104. The components of displacement, velocity,
and acceleration along x-axis, y-axis, and z-axis are shown
in FIGS. 10i, 10j and 10k, respectively.

[0129] FIGS. 9¢-9% and 10c-10k show a sequence of time
varying, color-coded displays indicating the value of a
dynamic measure by the color coding at the corresponding
section of the reconstructed 3-D arterial display. As noted
above, the depiction of the time varying sequences of FIGS.
9¢-9k and 10c-10k show the sequences of images overlaying
one another on each figure with the last color-coded image
of the sequence depicted on top. Earlier images in the
sequence are shown “greyed” or “shadowed.”FIG. 11 shows
a similar sequence of color-coded 3-D arterial reconstruc-
tions as a sequence of 6 individual frames rather than
overlayed as shown in FIGS. 9¢-9% and 10c-10k. The
sequence of displays in FIG. 11 represent an exemplary
arterial tree display color-coded for curvature through the
six frame sequence. FIG. 12 shows a similar sequence of
images color-coded for curvature measures but viewed from
an alternate selected viewing angle.

[0130] While the invention has been illustrated and
described in the drawings and foregoing description, such
illustration and description is to be considered as exemplary
and not restrictive in character, it being understood that only
the preferred embodiment and minor variants thereof have
been shown and described and that all changes and modi-
fications that come within the spirit of the invention are
desired to be protected. In particular, those of ordinary skill
in the art will recognize that the features of the invention to
reconstruct a 3-D representation of cine-angiographic
images (or cine images of other arterial tree structures) may
be implemented as an appropriately programmed general or
special purpose computer, as computational and imaging
electronics and devices as may be commercially available or
as custom computational and imaging devices and electron-
ics, or as combinations of such software, firmware and
hardware components. Such design choices among such a
variety of means are well known to those of ordinary skill in
the art.

What is claimed is:
1. A method for analysis of dynamic arterial tree struc-
tures comprising the steps of:

providing a time varying 3D representation of a moving
arterial tree structure; and

displaying analysis of said time varying 3D representation
in response to interactive user input.
2. The method of claim 1 wherein the step of providing a
3D representation includes the steps of:

providing a first sequence of time varying 2D arterio-
grams derived from a first angular view;

providing a second sequence of time varying 2D arterio-
grams derived from a second angular view; and

reconstructing said time varying 3D representation of said
moving arterial tree structure using said first sequence
and using said second sequence.
3. The method of claim 2 wherein the step of providing
said 3D representation further includes the step of:
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establishing temporal correspondence of points in said
time varying 3D representation.
4. The method of claim 3 wherein the step of establishing
comprises the steps of:

providing smoothness constraints; and

establishing temporal correspondence of points in said
time varying 3D representation using said smoothness
constraints.
5. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining a degree of displacement for a selected
portion of said time varying 3D representation; and

displaying said degree of displacement on a user display.
6. The method of claim 5 wherein the step of displaying
said degree of displacement comprises the step of:

displaying said degree of displacement as color coded
degrees of displacement at each of a plurality of points
along said selected segment.
7. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining a velocity for a selected portion of said time
varying 3D representation; and

displaying said velocity on a user display.
8. The method of claim 7 wherein the step of displaying
said velocity comprises the step of:

displaying said velocity as color coded velocity at each of
a plurality of points along said selected segment.
9. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining an acceleration for a selected portion of said
time varying 3D representation; and

displaying said acceleration on a user display.
10. The method of claim 9 wherein the step of displaying
said acceleration comprises the step of:

displaying said acceleration as color coded acceleration at
each of a plurality of points along said selected seg-
ment.
11. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining a curvature for a selected portion of said time
varying 3D representation; and

displaying said curvature on a user display.
12. The method of claim 11 wherein the step of displaying
said curvature comprises the step of:

displaying said curvature as color coded curvature at each
of a plurality of points along said selected segment.
13. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining a tortuosity for a selected portion of said time
varying 3D representation; and

displaying said tortuosity on a user display.
14. The method of claim 13 wherein the step of displaying
said tortuosity comprises the step of:

displaying said tortuosity as color coded tortuosity at each
of a plurality of points along said selected segment.
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15. The method of claim 1 wherein the step of displaying
analysis comprises the steps of:

determining a flexion measure for a sclected portion of
said time varying 3D representation; and

displaying said flexion measure on a user display.
16. The method of claim 15 wherein the step of displaying
said flexion measure comprises the step of:

displaying said flexion measure as color coded flexion
measure at each of a plurality of points along said
selected segment.
17. The method of claim 15 wherein the step of deter-
mining a flexion measure includes the steps of:

determining a flexion point as one of a plurality of points
along said selected segment.
18. The method of claim 17 wherein the step of deter-
mining a flexion point comprises the step of:

determining said flexion point as a the point having a local
maximum flexion measure as compared to all other
points of said plurality of points along said selected
segment.
19. The method of claim 17 wherein the step of deter-
mining a flexion point comprises the step of:

determining said flexion point as a the point having a local
minimum flexion measure as compared to all other
points of said plurality of points along said selected
segment.
20. A system for analysis of dynamic arterial trees com-
prising:

means for providing a time varying 3D representation of
a moving arterial tree structure; and

means for displaying analysis of said time varying 3D
representation in response to interactive user input.
21. The system of claim 20 wherein the means for
providing includes:

means for providing a first sequence of time varying 2D
arteriograms derived from a first angular view;

means for providing a second sequence of time varying
2D arteriograms derived from a second angular view;
and

means for reconstructing said time varying 3D represen-
tation using said first sequence and using said second
sequence.
22. The system of claim 21 wherein the means for
providing said 3D representation further includes:

means for establishing temporal correspondence of points
in said time varying 3D representation.
23. The system of claim 22 wherein the means for
establishing comprises:

means for providing smoothness constraints; and

means for establishing temporal correspondence of points
in said time varying 3D representation using said
smoothness constraints.
24. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining a degree of displacement for a
selected portion of said time varying 3D representation;
and
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means for displaying said degree of displacement on a
user display.
25. The system of claim 24 wherein the means for
displaying said degree of displacement comprises:

means for displaying said degree of displacement as color
coded degrees of displacement at each of a plurality of
points along said selected segment.
26. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining a velocity for a selected portion of
said time varying 3D representation; and

means for displaying said velocity on a user display.
27. The system of claim 26 wherein the means for
displaying said velocity comprises:

means for displaying said velocity as color coded velocity
at each of a plurality of points along said selected
segment.
28. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining an acceleration for a selected
portion of said time varying 3D representation; and

means for displaying said acceleration on a user display.
29. The system of claim 28 wherein the means for
displaying said acceleration comprises:

means for displaying said acceleration as color coded
acceleration at each of a plurality of points along said
selected segment.
30. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining a curvature for a selected portion
of said time varying 3D representation; and

means for displaying said curvature on a user display.
31. The system of claim 30 wherein the means for
displaying said curvature comprises:

means for displaying said curvature as color coded cur-
vature at each of a plurality of points along said
selected segment.
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32. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining a tortuosity for a selected portion
of said time varying 3D representation; and

means for displaying said tortuosity on a user display.
33. The system of claim 32 wherein the means for
displaying said tortuosity comprises:

means for displaying said tortuosity as color coded tor-
tuosity at each of a plurality of points along said
selected segment.
34. The system of claim 20 wherein the means for
displaying analysis comprises:

means for determining a flexion measure for a selected
portion of said time varying 3D representation; and

means for displaying said flexion measure on a user
display.
35. The system of claim 34 wherein the means for
displaying said flexion measure comprises:

means for displaying said flexion measure as color coded
flexion measure at each of a plurality of points along
said selected segment.
36. The system of claim 34 wherein the means for
determining a flexion measure includes:

means for determining a flexion point as one of a plurality
of points along said selected segment.
37. The system of claim 36 wherein the means for
determining a flexion point comprises:

means for determining said flexion point as a the point
having a local maximum flexion measure as compared
to all other points of said plurality of points along said
selected segment.
38. The system of claim 36 wherein the means for
determining a flexion point comprises:

means for determining said flexion point as a the point
having a local minimum flexion measure as compared
to all other points of said plurality of points along said
selected segment.
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