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Description
BACKGROUND
Field of the invention

[0001] This invention relates to the analysis of digital images, specifically to the construction of computational meshes
from such images.

Description of the prior art

[0002] Digital images are often analyzed to obtain meshes for further computation. For example, seismic images are
analyzed to obtain geologic meshes used to simulate oil flowing in subsurface reservoirs. Similarly, medical images of
the human brain are analyzed to obtain meshes used to simulate blood flow in arteries. A somewhat different example
isimage morphing, in which meshes derived from one image may be used to encode efficiently differences in subsequent
images. In all of these applications, an image is analyzed to construct a mesh.

Images and meshing today
[0003] Specifically, such applications often consist of the following sequence of steps:
(1) Process an image to enhance features of interest.
(2) Find curves or surfaces in the image that bound regions of interest.
(3) Fill the space defined by those regions with a computational mesh.
(4) Simulate some process on the space-filling mesh.

For an application in medical imaging, see, Cebral, J.R., and Léhner, R., From Medical Images to CFD Meshes, Pro-
ceedings of the 8th International Meshing Roundtable, p. 321-331, Sandia, 1999. For an application in seismic imaging,
see, Garrett, S., Griesbach, S., Johnson, D., Jones, D., Lo, M., Orr, W., and Sword, C., Earth Model Synthesis, First
Break, v. 15, no. 1, p. 13-20, 1997.

[0004] For various reasons, each step in this sequence is today often taken independently, with little regard for the
requirements of subsequent steps. For example, it is common in step (2) to produce a bounding curve or surface with
more detail than can be represented in the space-filling mesh used in step (4). Seismic reflections representing geologic
interfaces are routinely mapped with higher resolution than can practically be used in meshes for petroleum reservoir
simulation. This leads to the "scale up" or "upscaling" problem cited by Garrett et al. (1997).

[0005] This discrepancy in resolution is often accompanied by a discrepancy in data structure. For example, a two-
dimensional (2-D) curve represented by a simple linked list of line segments in step (2) may become a relatively complex
mesh of triangles in step (3). Such discrepancies today disrupt the analysis sequence, and may yield inconsistencies
between the image processed in step (1) and the mesh used in step (4) that are difficult to quantify.

[0006] The disruptions are costly. In the example of seismic image analysis, one iteration of this sequence today may
require months of work. This high cost makes it difficult to perform multiple iterations in an attempt to estimate uncertainties
in analysis results.

[0007] Onereason fordiscrepancies inresolution and data structure lies in the implementation of the analysis sequence.
Historically, the four steps listed above may have been performed by separate computer programs, developed inde-
pendently, and used by different specialists. Today, a single person or small group may perform all four steps in this
sequence, and there exists demand for the steps to be more integrated.

[0008] Another reason for discrepancies is a lack of methodology. The simulation step (4) often requires the numerical
solution of partial differential equations (PDEs). In the past, these solutions were feasible for only structured meshes,
in which mesh elements can be indexed as simple arrays. The conversion of an unstructured mesh produced in step
(3) to a structured mesh yields additional inconsistencies between the processed image and the mesh used in simulation.
However, recent advances in numerical methods for solving PDEs on unstructured meshes suggest that this conversion
and resulting inconsistencies can be avoided.
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Meshing with lattices

[0009] The accuracy of most computations performed on meshes depends on the regularity of mesh elements. Sim-
ulations performed on highly regular triangular meshes, those with nearly equilateral triangles, are more accurate than
those performed on irregular meshes with long thin triangles.

[0010] This is one reason that the Delaunay triangulation is popular. Given a set of points representing the locations
of nodes for a 2-D mesh, the Delaunay triangulation of those points, when compared with all other possible triangulations,
yields triangles most nearly equilateral. However, Delaunay triangulation alone does not guarantee a regular mesh. For
that, one must choose carefully the locations of the mesh nodes.

[0011] (For a survey of 2-D and 3-D Delaunay triangulation applied to the problem of meshing, see Bern, M., and
Eppstein, D., Mesh Generation and Optimal Triangulation, in Computing in Euclidean Geometry, Du, D.-Z. and Hwang.,
F.K. eds., World Scientific, 1995.)

[0012] Outside the domain of image analysis, the problem of choosing optimal mesh node locations has been well
studied. One solution to this problem is based on the observation that the triangulation of a set of points defined by a
simple crystal lattice yields a highly regular mesh. (See Mello, U.T., and Cavalcanti, P.R., A Point Creation Strategy for
Mesh Generation Using Crystal Lattices as Templates, Proceedings of the 9th International Meshing Roundtable, p.
253-261, Sandia, 2000.) However, a uniform lattice of points can seldom be aligned exactly with the boundaries of
objects to be meshed. Therefore, some solutions begin with an approximately uniform lattice, and then use numerical
models of physical forces between atoms or bubbles to automatically move mesh nodes (atoms or bubbles) to more
optimal locations. (See Shimada, K., Physically-Based Mesh Generation: Automated Triangulation of Surfaces and
Volumes via Bubble Packing, Ph.D. thesis, Massachusetts Institute of Technology, 1993, and Shimada, K., and Gossard,
D.C., Bubble Mesh: Automated Triangular Meshing of Non-Manifold Geometry by Sphere Packing, in Proceedings of
the Third Symposium on Solid Modeling and Applications, p. 409-419, 1995. U.S. patent 6,124,857, to Itoh, T., Inoue,
K., Yamada, A., and Shimada, K., Meshing Method and Apparatus, 2000, extends this work to quadrilateral meshing.
See also Bossen, F.J., and Heckbert, P.S., A Pliant Method for Anisotropic Mesh Generation, Proceedings of the 5th
International Meshing Roundtable, p. 63-74, Sandia, 1996.)

[0013] Inall of these examples, lattice-based meshing begins with a geometric model that defines precisely the internal
and external boundaries of objects to be meshed. Thus, there exists a need for a meshing system and methodology
capable of addressing problems where such boundaries may not be known a-priori.

U.S. patents cited in this specification
[0014] 4,908,781, to Levinthal, C., and Fine, R., Computing Device for Calculating Energy and Pairwise Central Forces
of Particle Interactions, 1990.
[0015] 5,596,511, to Toyoda, S., Ikeda, H, Hashimoto, E., and Miyakawa, N., Computing Method and Apparatus for
a Many-Body Problem, 1997.
[0016] 6,124,857, to ltoh, T., Inoue, K., Yamada, A., and Shimada, K., Meshing Method and Apparatus, 2000.
Other references cited in this specification
[0017]

Bentley, J. L., and Friedman, J. H., Data Structures for Range Searching, Computing Surveys, vol. 11, no. 4, 1979.

Bern, M., and Eppstein, D., Mesh Generation and Optimal Triangulation, in Computing in Euclidean Geometry, Du,
D.-Z. and Hwang., F.K. eds., World Scientific, 1995.

Bossen, F.J., and Heckbert, P.S., A Pliant Method for Anisotropic Mesh Generation, Proceedings of the 5th Inter-
national Meshing Roundtable, p. 63-74, Sandia, 1996.

Byrd, R. H., Nocedal, J., and Schnabel, R. B., Representations of Quasi-Newton Matrices and Their Use in Limited
Memory Methods, Technical Report NAM-03, Northwestern University, Department of Electrical Engineering and
Computer Science, 1996.

Cebral, J.R., and Lohner, R., From Medical Images to CFD Meshes, Proceedings of the 8th International Meshing
Roundtable, p. 321-331, Sandia, 1999.

Garrett, S., Griesbach, S., Johnson, D., Jones, D., Lo, M., Orr, W., and Sword, C., Earth Model Synthesis, First
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Break, v. 15, no. 1, p. 13-20, 1997.

Mello, U.T., and Cavalcanti, P.R., A Point Creation Strategy for Mesh Generation Using Crystal Lattices as Templates,
Proceedings of the 9th International Meshing Roundtable, p. 253-261, Sandia, 2000.

Shimada, K., Physically-Based Mesh Generation: Automated Triangulation of Surfaces and Volumes via Bubble
Packing, Ph.D. thesis, Massachusetts Institute of Technology, 1993.

Shimada, K., and Gossard, D.C., Bubble Mesh: Automated Triangular Meshing of Non-Manifold Geometry by Sphere
Packing: Proceedings of the Third Symposium on Solid Modeling and Applications, ACM Press, p. 409-419, 1995.

SUMMARY OF THE INVENTION

[0018] In accordance with various embodiments of this invention, a method for generating a lattice of points which
respects features in a digitalimage comprises a process for initializing a lattice, and a process for optimizing the alignment
of that lattice with respect to the image features. The optimization process operates by adjusting points of the lattice to
extremize a composite function of the spatial coordinates of the lattice points. The composite function may be a weighted
combination of a first function of pair-wise distances between the points, and a second function derived from the image
(e.g., computed from sampled values of the image near the lattice points).

[0019] A mesh may be generated from the optimized lattice. The mesh may be used in any of a variety of applications.
For example, the mesh may be used to simulate a process associated with the image. As another example, the mesh
may be used to compress the image or subsequent images in an image sequence (e.g. a video stream).

[0020] Insome embodiments, the optimized lattice may be used to encode information associated with the image with
or without the generation of an intermediate mesh. Any of various types of associated information are contemplated.
Objects and advantages

[0021] One object of at least some embodiments of this invention is a method that enables one to replace the image
analysis sequence described above (in the description of the prior art) with the more efficient sequence:

(1) Process an image to enhance features of interest.

(2) Fill space with a computational mesh aligned with image features.

(3) Simulate some process on the space-filling mesh.
[0022] Instead of finding boundaries of regions within images and then meshing those regions, one simply constructs
a mesh that is aligned with the boundaries.
[0023] Additional objects of some embodiments of this invention are the use of this method to construct:
* highly regular meshes, suitable for further computations, such as the solution of partial differential equations; and
» graded meshes, in which the density of mesh nodes varies with image complexity or a user-specified function; and

e 3-D meshes, where 3-D images are available.

[0024] These and other objects and advantages of various embodiments of the invention will become apparent from
consideration of the following description and drawings.

BRIEF DESCRIPTION OF THE DRAWINGS
[0025]
Figure 1: the flow of data among the primary components in the method of this invention.
Figure 2: the pair-wise (a) force and (b) potential functions of normalized distance between any two atoms.

Figure 3: the contributions, for nominal distances (a) 4 and (b) 8, of one atom to a sampled atomic potential field.
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Figure 4: a hexagonal 2-D lattice of atoms that has been triangulated.
Figure 5: a face-centered-cubic 3-D lattice of atoms.
Figure 6: a seismic image that has been processed to enhance faults, discontinuities in subsurface geology.
Figure 7: a nominal distance function, which represents the desired variable spacing between atoms in the lattice.

Figure 8: an initial pseudo-regular distribution of atoms in a lattice; each atom is marked by a circle with diameter
proportional to the nominal distance function evaluated at the atom location.

Figure 9: a mesh corresponding to a pseudo-regular initial lattice for the seismic image.
Figure 10: a mesh corresponding to a pseudo-random initial lattice for the seismic image.
Figure 11: a mesh corresponding to the optimized lattice for the seismic image.

Figure 12: edges in the mesh that are most aligned with features in the seismic image.

Figure 13: a Voronoi mesh corresponding to an optimized lattice in which atoms are are repelled by features in the
seismic image.

Figure 14: a magnetic resonance image (MRI) of a human head.

Figure 15: an image of a human head, processed to enhance edge features.

Figure 16: a mesh aligned with features in the image of a human head.

Figure 17: edges in the mesh that are most aligned with features in the image of a human head.

Figure 18: a magnetic resonance image (MRI) of a human torso.

Figure 19: an image of a human torso, processed to enhance edge features.

Figure 20: a mesh aligned with features in the image of a human torso.

Figure 21: edges in the mesh that are most aligned with features in the image of a human torso.

Figure 22: components of a computational device used to implement the method of this invention.

Figure 23: an embodiment of the method of this invention.
[0026] While the invention is susceptible to various modifications and alternative forms, specific embodiments thereof
are shown by way of example in the drawings and will herein be described in detail. It should be understood, however,
that the drawings and detailed description thereto are not intended to limit the invention to the particular forms disclosed,
but on the contrary, the intention is to cover all modifications, equivalents, and alternatives falling within the spirit and
scope of the present invention as defined by the appended claims.
DETAILED DESCRIPTION OF THE PREFERRED EMBODIMENTS
[0027] A method for generating a lattice of points which respects features in a digital image is described herein. The
method comprises initializing and then optimizing the lattice of points. In one set of embodiments, the points of the
optimized lattice tend to be aligned on (coincident with) features in the image. In a second set of embodiments, the
points of the optimized lattice tend to be aligned alongside, but not on, features in the image. In other embodiments, the
optimized lattice points may tend to be aligned on some features and not aligned with other features in the same image.
[0028] Hereafter, we refer to points in the lattice as atoms. We describe the process of lattice initialization in terms of

the atomic structures of crystals. Likewise, we describe lattice optimization in terms of minimizing the potential energy
of an atomic lattice. These physical models make our description easier to understand, but an atom in the context of
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this invention is merely a point.

[0029] Figure 1 illustrates in more detail the flow of data among the primary components of this method. A data input
component 100 produces an image that has been processed elsewhere to highlight features of interest. Here, the image
is either obtained directly as a result of that processing or loaded from a computer memory. A lattice initializer 200
creates an initial lattice of atoms that spans the image. A lattice optimizer 300 moves the atoms so that the lattice is
aligned with features in the image. The data output component 400 consumes the optimized lattice of atoms, either
passing it to some other process or storing it in a computer memory.

[0030] The lattice optimizer 300 comprises a generic function minimizer 310 and a potential energy computer 320.
The generic minimizer 310 iteratively searches for a minimum of a function of many variables. During its search, the
minimizer requires repeated evaluations of the function and its partial derivative with respect to each variable. Here, the
variables are the spatial coordinates of atoms in a lattice. Given atom coordinates and an image, the potential energy
computer 320 evaluates the lattice potential energy and its partial derivative with respect to each atom coordinate.

Computing the potential energy

[0031] An atom in a two-dimensional (2-D) space has x and y coordinates, and an atom in a three-dimensional (3-D)
space has x, y, and z coordinates. The vector x denotes the x and y (or x, y and z) spatial coordinates of a point in 2-D
(or 3-D) space. Given two atoms with locations x; and x; |x; - x| denotes the distance between them. In the preferred
embodiment, the vector norm |-| used to compute this inter-atomic distance is the Euclidean norm. However, any of a
variety of other norms may be used instead.

Pair-wise potential functions

[0032] For computational efficiency, we model the interaction among atoms with a simple pair-wise force function, so
that the total force exerted on an atom by its neighbors is simply the sum of the forces exerted by each one of them.
Even with this simplification, there exist many reasonable choices for the pair-wise force function.

[0033] To avoid having two or more atoms with the same, or nearly the same, coordinates, the force between them
may be repulsive (positive) if they are too close to each other. Likewise, to prevent large empty spaces with no atoms,
the force between two atoms may be attractive (negative) if they are too far away from each other. To facilitate numerical
computations, the force may be bounded. To prevent every atom in the lattice from exerting a force on every other atom,
the force may be zero beyond a cutoff distance. Furthermore, the force function may be continuous as a function of the
inter-atomic distance. The force function proposed by Shimada (1993) has these properties. Thus, in one set of embod-
iments, we use Shimada'’s force function, as described below. However, any of a variety of force functions consistent
with these properties may be employed.

[0034] Letddenote the nominal distance between two atoms, the distance at which the force goes from being repulsive
to being attractive. Then, the force fbetween two atoms located at x; and X; may be given by the cubic polynomial:

[ ]0V=3

19,24 5
— U+ zu7,

S =

where u is the normalized distance between the two atoms defined by

xi — %1
.

U=

The coefficients of this polynomial function ensure that the force is bounded and continuous, that it equals zero at u =
1and u > %, and that it is positive for 0 < u< 1 and negative for 1 < u < % Figure 2a illustrates this force function.
[0035] Generally, the force on an atom is a vector. Here, the direction of this vector is implied by the sign of f(u), and
by the locations x; and x; of the two atoms.

[0036] It is more convenient to work with a scalar potential than with the multiple components of a vector force.
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Therefore, following a well-known convention, we define the force to be the negative of the gradient of a scalar potential:

153 19,3 5,4 3
d(u) = B —autau’ —qut, 0<u< 2
0, % <u
The constant of integration 256 has been chosen sothat ¢(u)is continuousat © = 2. Figure 2billustrates this potential

function. As expected, the potential function ¢(u) has a minimum at normalized dlstance u =1, where the force function
f(u) is zero.

Potential energies and potential fields

[0037] Given apotential function ¢(u) of normalized distance u, we define the atomic potential energyto be the following
sum of pair-wise potentials:

A= A(Xy,X2,...,Xp) = %izn:qb[tx;(;;’q (1)

where X4, Xo, ... , X, are the coordinates of n atoms in a lattice, and d(x) is the nominal inter-atomic distance function of
position x. The nominal distance function d(x) need not be constant; but, to ensure a smoothly graded lattice, we require

that it be smooth. Specifically, we require that [Vd| << 1, so that d(x;) = d(x)) for |x; - x}/d less than the cutoff distance %

of the potential function ¢(u). Then, the factor 1/2 compensates for the appearance of 9[|x; - x{/d(x;) = o[|x/x |/d(x;)] twice

in the definition of the total potential energy A.
[0038] We may also define the atomic potential energy A in terms of an atomic potential field:

)= ['i‘g—(‘i'] , 2)

so that

1.2
A=A(X1,X2,... 552

In other words, the atomic potential energy is defined to be half the sum of values obtained by evaluating the atomic
potential field at the atom coordinates.
[0039] Likewise, we define an image potential energy

B = B(x1,X2,...,Xn) Eib(xi), (3)

i=1

where b(x) is an image potential field based on the input image.
[0040] In many contexts, an image potential field is simply an image (or a smoothed version of an image), typically
represented by a 2-D (or 3-D) array of numbers stored in a computer memory. Here, we use the term "potential field"
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to emphasize (and later exploit) the similarity between the atomic and image potential fields.

[0041] In one set of embodiments, it is assumed that the image has been processed so that the image potential field
attains a minimum value (e.g., b(x) = -1) within features of interest, and a maximum value (e.g., b(x) = 0) in uninteresting
regions. In this case, minimimizing the image potential energy Bis equivalent to moving atoms into minima corresponding
to features of interest in the image.

[0042] In a second set of embodiments, it is assumed that the image has been processed so that the image potential
field attains a maximum value (e.g., b(x) = 1) within features of interest, and a minimum value (e.g., b(x) = 0) in uninteresting
regions. In this case, minimimizing the image potential energy B is equivalent to moving atoms away from the maxima
corresponding to features of interest in the image.

[0043] In a third set of embodiments, the image potential field may attain a maximum value (e.g. b(x) = 1) along a first
subset of the image features, a minimum value (e.g. b(x) = -1) along a second subset of the image features, and an
intermediate value (e.g. b(x) = 0) away from the image features.

[0044] More generally, we move atoms to minimize the following weighted sum of the atomic and image potential
energies:

P = P(x1,Xg,...,%X) = (1 - f)A+ B, (4)

which we call the fotal potential energy. The scale factor 3 determines the relative contributions of A and B to the total
potential energy P. When B = 0, atoms tend toward a perfectly regular lattice that is not aligned with the image. When
B = 1, atoms are sensitive to only image sample values; i.e., atoms move only on the basis of their attraction to minima
in the image and/or their repulsion from maxima in the image. Thus, atoms tend to congregate in the minima and vacate

the maxima in the image, yielding a highly irregular lattice. Typically, we choose £ = %, and obtain a lattice that is

approximately regular and respects image features.
[0045] Interms of the potential fields a(x) and b(x), the total potential energy is

(1 - Ba(x:) + Bb(x).

N

i=1

[0046] Interms of the total potential field, defined as

p(x) = (1 - fa(x) + Bb(x), (5)
the total potential energy is
P= %i;p(xi) + Bb(x,). (6)

[0047] Like the nominal distance function d(x), the scale factor f in equations (5) and (6) may be a smoothly varying
function of position x. (As for d(x), smoothness implies that derivatives of B(x) are negligible.) This generalization enables
the balance between lattice regularity and sensitivity to (e.g., attraction to or repulsion from) image features to vary
spatially. Sensitivity of the lattice to image features may be more important in one part of the image than in some other
part. For simplicity here, we let B denote a constant scale factor.

[0048] The total potential energy Pis a non-quadratic function of the atom coordinates x4, X, ... , X, with many local
minima. (For example, note that interchanging the coordinates of any two atoms does not change P.) Therefore any
search for a minimum, usually one close to the initial lattice coordinates, must be iterative. In an efficient iterative search,
we must evaluate repeatedly partial derivatives of P with respect to the atom coordinates. Consider, for example, the
change in P with respect to the x-coordinate of the /th atom:
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OP 0A 0B

In evaluating the partial derivative dA/dx; of the atomic potential energy, we recall that the term ¢[|x; - x|/d(x))] = ¢[|x; -
xj/d(x;)] appears twice in the double sum of equation (1). Therefore,

0A _ i ’ lX,;—le 1 T; — Ty

% D[ 4 ]d(xj) s ;) ®
— 60"—

2= o ©

L= 2 (10)

Similar results may be obtained easily for partial derivatives with respect to the y (and, in 3-D, the z) coordinate of each
atom.

Computation

[0049] Computation of the total potential energy P requires the computation of its components A and B. To compute
the image potential energy B according to equation (3), we must evaluate the image potential field b(x) for each atom
location x = x;. Images are typically sampled uniformly, and the simplest and most efficient approximation to b(x)) is the
value of the image potential field b(x) at the image sample nearest to the point x;. More accurate approximations (inter-
polations) are possible, but we used this simple and fast nearest-neighbor interpolation in all of the examples shown
here. Equation (3) implies that the cost (the computational complexity) of computing Bis O(n), where n is the number
of atoms.

[0050] Incontrast, the double sumin equation (1) implies that the cost of the most straightforward method for computing
Ais O(n?). In practical applications, n is large enough that an O(n?) cost for computing A would be much greater than
the O(n) cost of evaluating B. To reduce the cost of computing A, we may exploit our design of the potential function ¢

(u), which is zero for normalized distances u greater than the cutoff distance -g' Only the atoms nearest to an atom

located at position x = x; contribute to the atomic potential field a(x;) at that position.

[0051] This observation leads to the problem of determining which atom neighbors are within a distance %d(xz) of

each atom located at x = x;. Solution of this problem is non-trivial, because atoms move repeatedly during optimization

of the lattice.

[0052] For example, if we construct lists of neighboring atoms, one list for each atom, we must update these lists (or
at least check to see whether they require updating) whenever atoms move. For lattices with near constant density, the
cost of constructing and updating such lists using simple data structures is O(mn), where m is the average number of
neighbor atoms within the cutoff distance. For variable-density lattices, more complex data structures are required and
the cost becomes O(mn log n). (See, for example, Bentley, J. L., and Friedman, J. H., Data Structures for Range
Searching, Computing Surveys, vol. 11, no. 4, 1979. See, also, U.S. patent 4,908,781, to Levinthal, C., and Fine, R,,
Computing Device for Calculating Energy and Pairwise Central Forces of Particle Interactions, 1990, and U.S. patent
5,596,511, to Toyoda, S., Ikeda, H, Hashimoto, E., and Miyakawa, N., Computing Method and Apparatus for a Many-
Body Problem, 1997.)

[0053] Our expression of the atomic potential energy A in terms of the atomic potential field a(x) suggests a simpler
solution. We interpret equation (2) as a recipe for computing an atomic potential field a(x) that is sampled like the image
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potential field b(x). Specifically, we represent a(x) with a 2-D or 3-D array having the same dimensions as the array used
to represent the image b(x). We first initialize a(x) to zero for all x sampled. Then, for each atom located at position x =
X;, we accumulate a sampled potential function o[|x - xj|/d(xj)]. This accumulation is limited spatially to samples inside

the circle (or sphere) of radius %d(Xj) centered at position X;, where the contribution of the sampled potential function

is non-zero.

[0054] Figures 3a and 3b illustrate two such potential functions, for nominal distances d = 4 and d = 8, respectively.
Gray levels between black and white correspond to sampled function values between -0.05 and 0.05, respectively. The
atomic potential field a(x) is simply the accumulation of many such functions. For computational efficiency, these sampled
potential functions may be pre-computed and tabulated for different nominal distances d. Then, given d(x) for any location
x, the appropriate values of the potential function may be determined efficiently by table lookup (or table lookup and
interpolation).

Preferred embodiment

[0055] Our analysis suggests two quite different algorithms for computing the total potential energy and its partial
derivatives. The preferred embodiment of this invention uses equations (2) and (5) to compute the total potential field p
(x), and then uses equation (6) to compute the total potential energy, and equation (10) to compute its partial derivatives.
The following pseudo-code listing describes this algorithm in detail.

ALGORITHM 1: COMPUTE P, £&, &F, anp 22

101:  initialize total potential field p(x) = Bb(x)

102:  for all atom locations x; = X3,X2,...,Xn {

103: for all x such that |x —x;| < 3d(x;) {

104: accumulate p(x) = p(x) + (1 — B)d[|x — x;]/d(x;)]
108: }

106:  }

107:  initialize total potential energy P =0

108:  for all atom locations x; = x3,%a,...,Xp {

109: accumulate P = P+ 1[p(x;) + 8b(x;)]

10 compute 22 = Hp(e: + 1,45, 2) — Pl — 1,3, %)
111: compute g—y"% = 3lp(zi, i + 1, z) — p(wi, 4 — 1, 23))|
112: compute §2 = 3[p(i, v, z + 1) — p(i, vi, 2 — 1)]

13} .

[0056] Lines 101 through 106 compute the total potential field p(x), sampled like the image potential field b(x). Given

this field, lines 107 through 113 compute the total potential energy P and its partial derivatives g—z, g—;:, and gTP In

line 109, the values of the total potential field and the image potential field at atom location x; may be approximated as
mentioned above, by selection of the corresponding field values at the nearest image sample position, or by any desired
interpolation scheme. The partial derivatives in lines 110-112 are computed from the total potential field using simple
centered-finite-difference approximations; however, alternative (e.g., higher-order) numerical approximations to deriv-
atives may be used instead. For definiteness, this listing assumes a 3-D coordinate space. For a 2-D space, one simply
ignores the z coordinates and partial derivatives -gf.

[0057] Assuming that atom locations are consistent with the nominal distance function d(x), the computational cost of
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Algorithm 1 is O(N), where N is the number of samples in the image. Recall that we sample the total potential field like
the image, and that each atom contributes a spatially-limited potential function (like those in Figures 3) to those samples
in the total potential field that lie nearest to the atom. Therefore, the cost of accumulating the contributions from all atoms
is proportional to the number of samples N in the field.

[0058] The costof this algorithm is comparable to that of conventional image processing, and it requires data structures
no more complex than the simple array that represents the image. Furthermore, the cost is the same for non-constant
nominal distance functions d(x) as for constant nominal distance d.

Alternative embodiment

[0059] An alternative embodiment of this invention does not compute the total potential field. Rather, it uses equations
(1), (3), and (4) to compute the total potential energy, and equations (7), (8), and (9) to compute its partial derivatives.
The following pseudo-code listing describes this algorithm in detail.

ALGORITHM 2: COMPUTE P, &, gf , AND &£

201:  initialize total potential energy P =0
202:  for all atom locations x; = X1,X2,...,Xn {

203: accumulate P = P + 8b(x;)

204: initialize —gm% = %ﬂ[b(:z:i + 1, v, 2) — bz — 1, 4, 2)]
205: initialize ;;‘—_5 = 1B[b(zi, yi + 1, 2:) — b(mi, v — 1, )]
206:  initialize §2 = 3B8(b(zs, v, z + 1) — (=i, vi, 2 — 1))

207: for all atom locations x; such that |x; — %;| < 3d(x;) {
208: accumulate P = P + (1 — B)¢[|x; — x;|/d(x:)]

209: compute A = (1 — B)¢'[|x; ~ x;|/d(x:)]/[d(xs)lx; — x5]]
210: accumulate 311: oF 7 + Az — z5)

211: accumulate 2 a—w = ay, + Ay; — y5)

212: accumulate gg_ = g—g + A(z — z4)

213: }

214: }

[0060] Foreachatom, line 203 accumulates the image potential energy Band line 208 accumulates the atomic potential
energy A for each atom neighbor into the total potential energy P. Likewise, lines 204 through 206 and 210 through 212
accumulate the contributions of the partial derivatives of the image and atomic potential energies to the partial derivatives
of the total potential energy.

[0061] Line 207 implies the use of an auxiliary data structure that enables atom neighbors nearest to an atom located
at x = x; to be determined quickly. This data structure must be reconstructed or in some way updated whenever atoms
move. Atoms move repeatedly in any iterative search for atom coordinates that minimize the total potential energy.
Therefore, the cost of maintaining this data structure may be significant. For the most efficient data structures, the cost
is higher for non-constant nominal distance functions d(x) than for constant nominal distance d.
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Lattice initialization

[0062] As noted above, the total potential energy P is a non-quadratic function of the atom coordinates, with many
local minima. During lattice optimization, we move atoms iteratively in search of a minimum. In practice, we neither seek
nor find the global minimum. Rather, we find an optimized lattice of atoms that is close to an initial lattice. Therefore, it
is desirable that the initial lattice

* minimize (locally) the atomic potential energy,

*  be highly regular, and

* be consistent with the nominal distance function d(x).
Constant nominal distance

[0063] Forconstantnominaldistance d, we can easily construct an initial lattice with these properties. Figure 4 illustrates
such a lattice for a 2-D space. In this ideal lattice, the atoms may be connected to form equilateral triangles. The distance
between any atom and its six nearest neighbors is simply the constant nominal distance d. At this distance, the force
exerted by any one atom on another is exactly zero, and the atomic potential energy is locally minimized.

[0064] Figure 5illustrates a regular lattice for a 3-D space. This is a face-centered-cubic (FCC) lattice, in which atoms
are arranged in horizontal layers that look like the 2-D lattice of Figure 4, but with each layer shifted slightly to fill in the
holes of the layers above and below. For clarity in Figure 5, the atoms in different layers are rendered with spheres
colored in different shades of gray. The distance between any atom and its twelve nearest neighbors equals the constant
nominal distance d.

[0065] In contrast to equilateral triangles, which can fill a 2-D space entirely (as in Figure 4), equilateral tetrahedra
cannot fill a 3-D space. Nevertheless, atoms in an FCC lattice can be triangulated to obtain highly regular tetrahedra.

Variable nominal distance

[0066] The initial arrangement of atoms is more difficult for a non-constant nominal distance function d(x).

[0067] The first complication is that the function d(x) must be computed, if not otherwise specified. As an example of
how one might compute this function, consider the image (i.e., the image potential field b(x)) displayed in Figure 6. This
image is a horizontal slice through a 3-D seismic image (not shown) that was processed to highlight faults, discontinuities
in subsurface geology. The dark linear features in this image represent traces of faults that intersect this horizontal slice.
The faults are approximately vertical, almost orthogonal to this horizontal slice.

[0068] Figure 7 shows the result of smoothing the seismic image to obtain an estimate of the nominal distance function
d(x). The darkest regions in this figure correspond to a minimum distance of d = 6 samples, and the lightest regions
correspond to a maximum distance of d= 18 samples. These minimum and maximum distances were specified explicitly,
based on the level of detail we observed in the seismic image. Distances are smaller in the middleeft portion of the
image, and larger in the lower-right portion. The average distance is approximately 9.7 samples.

[0069] In some applications, the nominal distance function d(x) may be specified explicitly or constructed interactively
using a computer program for painting images. With regard to the present invention, the actual manner in which the
function d(x) is computed is notimportant. As stated above, we require only that this function be smooth; i.e., that |Vad| << 1.
[0070] The second complication is that of arranging atoms in a lattice consistent with the nominal distance function d
(x). Here, we describe two algorithms for this arrangement.

Preferred embodiment

[0071] The preferred embodiment of this invention uses an algorithm for generating pseudo-regular lattices. The
following pseudo-code listing describes this algorithm in detail.
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ALGORITHM 3: INITIALIZE A PSEUDO-REGULAR LATTICE

301: initialize an image-like array of boolean flags w(x) = false
302:  construct an empty list of atoms

303: construct an empty queue of atom sites

304: append the location x; of the center of the image to the queue

305:  while the queue is not empty {

306: get and remove the first site x; from the queue
307: if x; lies within the coordinate bounds of the image {
308: set sphere = spherical region centered at x; with diameter vd(x;)
309: if, for all samples inside the sphere, w(x) = false {
310: for all samples inside the sphere, set w(x) = true
311: append an atom with coordinates x; to the list
312: append ideal sites for atom neighbors to the end of the queue
313: }
314: }
315:  }

[0072] The array w(x) initialized in line 301 is a temporary work array, with dimensions equal to those of the image.
Its sole purpose is to mark locations of atoms in the lattice as they are generated by the algorithm. (The test in line 309
ensures that locations so marked will not be marked again.) In the preferred embodiment of this invention, this array
can be the same as that used to store the total potential field p(x) in Algorithm 1, so that no additional memory is required.
Figure 8 shows an example of the array w(x), computed for the nominal distance function shown in Figure 7.

[0073] Each circular region in Figure 8 is centered at an atom location, and has a diameter proportional to the value
of the nominal distance function d(x) at that atom location. The constant of proportionality is the factor v in line 308 of
this algorithm. By choosing this factor to be less than one, we permit some atoms in the initial lattice to be closer together
than the nominal distance function d(x) implies, knowing that other atoms will be further away. We determined experi-
mentally that the factor y= 0.8 yields pseudo-regular lattices consistent with smooth nominal distance functions d(x).
[0074] The ideal sites in line 312 are the locations of atom neighbors in the regular lattices shown in Figures 4 and 5.
(The distances to these atom neighbors are not scaled by v.) Therefore, for constant d, Algorithm 3 yields a regular
lattice like one of these. For non-constant d(x), it yields a pseudo-regular lattice.

[0075] In any case, the processing of ideal sites placed in the queue causes the lattice to grow outward from the first
site placed in the queue. Therefore, the first site acts as a seed from which the lattice is grown. Line 304 of Algorithm 3
chooses that first site to be the center of the image. Alternative seed locations may be used. For example, if a mesh for
simulation of fluid flow is desired, then the locations of one or more fluid sources may be used to seed the growth of a
lattice. As another example, a center-of-mass of features in the image may be selected as the seed location.

[0076] The mesh shown in Figure 9 is the Delaunay triangulation of a pseudo-regular initial lattice created using
Algorithm 3 and the nominal distance function shown in Figure 7. While most of the triangles in this mesh of the initial
lattice are highly regular, the complete Delaunay triangulation shown here yields some long thin triangles near the convex
hull of the lattice points. Such irregular triangles near the mesh boundaries may simply be ignored in subsequent
computations.
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Alternative embodiment

[0077] An alternative embodiment of this invention uses an entirely different algorithm for generating pseudo-random
initial lattices. The following pseudo-code listing describes this algorithm in detail.

ALGORITHM 4: INITIALIZE A PSEUDO-RANDOM LATTICE

401:  construct an empty list of atoms
402:  for all x sampled by the image {
403: set d = d(x)

404: if 2-D, set p = 2/+/3d>

- 405: if 3-D, set p = 2/v/2d?

406: generate a pseudo-random number 7, uniformly distributed in [0:1)
407: if r < p, add atom located at x to list
408:  }

[0078] Line 404 (for 2-D images) or 405 (for 3-D images) of this algorithm computes the nominal lattice density p,
corresponding to a value of the nominal distance function d(x). In a 2-D space, lattice density is inversely proportional
to the distance squared between atoms; in a 3-D space, it is inversely proportional to distance cubed. The constants of

proportionality 2/\/?_, (line 404) and 2/\/_2- (line 405) correspond to the ideal lattices shown in Figures 4 and 5,

respectively.

[0079] Lattice density is the probability that an atom exists at any location sampled by the image. Lines 406 and 407
use a pseudo-random number generator to add an atom to the lattice with that probability. This algorithm uses com-
monplace computer software for generating a pseudo-random number uniformly distributed in the interval [0:1).
[0080] This pseudo-random algorithm is simpler and faster than the pseudo-regular Algorithm 3. It also generates
initial lattices that are completely isotropic, with none of the preferred directions or planes of symmetry exhibited by
pseudo-regular lattices. Depending on the application, this may or may not be an advantage.

[0081] Unfortunately, a pseudo-random initial lattice is highly irregular. Atoms in such a lattice exhibit no geometric
pattern, which makes the otherwise useful term "pseudo-random lattice" an oxymoron.

[0082] Figure 10 shows a mesh corresponding to a pseudo-random initial lattice generated for the seismic image,
using Algorithm 4. Although this mesh is statistically consistent with the nominal distance function shown in Figure 7, it
is highly irregular, with many triangles that are far from equilateral. Lattice optimization will make this pseudo-random
initial lattice more regular, but will require more work (more iterations) than optimization of the pseudo-regular initial
lattice shown in Figure 9.

Lattice optimization

[0083] The lattice optimizer moves atoms in an initial lattice to obtain an optimized lattice. In one set of embodiments,
the optimized lattice is both regular and more aligned with image features than the initial lattice. In other words, atoms
in the optimized lattice far away from image features tend towards a pseudo-regular structure that respects the nominal
distance function, while atoms near image features tend to be coincident with those features. In another set of embod-
iments, the optimized lattice is both regular and more rarefied along the image features than the initial lattice. The lattice
optimizer uses commonplace computer software for minimizing an arbitrary function of many variables. The lattice
optimizer applies this software to minimize the lattice total potential energy, which is a function of atom coordinates.
[0084] Various choices for the generic function minimizer are possible. In the preferred embodiment, we use the
limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) minimizer. (See, for example, Byrd, R. H., Nocedal, J.,
and Schnabel, R. B., Representations of Quasi-Newton Matrices and Their Use in Limited Memory Methods, Technical
Report NAM-03, Northwestern University, Department of Electrical Engineering and Computer Science, 1996. Note,
particularly, the simple two-loop recursion on page 17.) Like other minimizers, the L-BFGS method iteratively evaluates
a function and its partial derivatives, in its search for a minimum.
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[0085] The L-BFGS minimizer requires more computer memory but fewer function evaluations than the method of
conjugate gradients, another well-known method. However, the additional memory required is insignificant when com-
pared with the memory required to represent an image. Furthermore, the cost of each function evaluation (computing
the lattice total potential energy) is significantly more costly than the other computations performed by the minimizer.
Therefore, the L-BFGS minimizer is well-suited to this invention.

Preferred embodiment

[0086] The preferred embodiment of this invention uses the following algorithm for lattice optimization.

ALGORITHM 5: OPTIMIZE THE LATTICE

501:  get the initial lattice atom coordinates xj,xa,..., %,
502: construct a potential energy computer

503:  construct a minimizer

504:  compute the initial lattice total potential energy P
505:  do{

506: set P, =P

507: randomly perturb x;,Xs,...,X,

508: do {
509: set P, =P
510: let minimizer decrease P by adjusting x1,X2,...,Xn

511: } while B, — P > €| P

512:  } while P, — P > ¢|P,|

[0087] This algorithm begins at line 501 with an initial lattice of atoms, such as the pseudo-regular lattice produced
by Algorithm 3 or the pseudo-random lattice generated by Algorithm 4. It then (line 502) constructs a potential energy
computer, responsible for computing the total potential energy P and its partial derivatives. It then (line 503) constructs
a minimizer, which will use the potential energy computer to minimize P. (Construction of the potential energy computer
and the minimizer includes allocation of memory and initialization of a number of variables and tables.) It then (line 504)
computes the total potential energy P of the initial lattice.

[0088] The remainder of the algorithm comprises two nested loops. The inner loop beginning at line 508 lets the
minimizer adjust the atom coordinates x4, X,,... , X, to decrease the total potential energy P. This loop continues until
the decrease in P becomes insignificant, as determined by the small threshold ein line 511. A typical threshold is = 0.001.
[0089] Recall that the total potential energy is a function with many local minima. The inner loop begins with the current
atom coordinates, and tends toward the minimum nearest to those coordinates. We have observed that this local minimum
may have a total potential energy larger than that of another minimum nearby.

[0090] The outer loop beginning at line 505 enables the algorithm to move from one local minimum to another one,
until the decrease in total potential energy P is insignificant. The random perturbations of atom coordinates in line 507
are small, typically no more than 10% of the nominal distance d(x;), for each atom location x;. We use a commonplace
pseudo-random number generator to compute these perturbations. Subsequent iterations of the inner minimization loop
typically yield a significant decrease in total potential energy P.

[0091] The inner and outer loops in Algorithm 5 use the same test for convergence. Both loops terminate when the
decreasein total potential energy Pbecomes insignificant. Alternative convergence criteria are commonplace in numerical
optimization, and our choices here are not important. For example, one might terminate these loops when the maximum
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change in atom coordinates is less than some threshold.

[0092] Figure 11 shows the result of optimizing the initial pseudo-regular lattice for the seismic image, where the image
has been processed to have values near minus one along image features and zero away from image features. Recall
equation (4), which states that the total potential energy P is a weighted sum of atomic and image potential energies.
In this example, we used an image weight § = 0.3. The resulting optimized lattice is both highly regular (again, ignoring
triangles near the convex hull of the lattice points) and well-aligned with image features.

[0093] Forimages with small or narrow features, it may be useful to perform the first few iterations of Algorithm 5 using
a slightly smoothed version of the image. These first iterations enable atoms to move towards features that might
otherwise be missed, because they are too far away from initial lattice locations. Atoms are attracted initially to the
smoothed features, and then, in subsequent iterations, to high-resolution features in the original unsmoothed image.

Curve and surface extraction

[0094] In a space-filling mesh, curves (in 2-D) or surfaces (in 3-D) appear implicitly. For example, in the 2-D mesh
shown in Figure 11, any contiguous sequence of linear edges of triangles represents a curve. In a 3-D tetrahedral mesh,
any union of contiguous triangular faces of tetrahedra represents a surface. Of course, most such curves or surfaces
are not interesting, because they are not aligned with image features.

[0095] Figure 12 highlights those edges of triangles that appear to be most aligned with faults in the seismic image.
The edges shown here were chosen simply because all image sample values beneath them were below a specified
threshold (-0.2). No attempt was made to force connections among individual edges. Nevertheless, many edges are
connected and do form continuous curves.

[0096] A space-filling mesh facilitates more elaborate curve or surface extraction algorithms than the simple thresh-
olding used in this example. As one consequence of this invention, we anticipate the development of new extraction
algorithms. In contrast to extraction (or segmentation) algorithms commonly used today, these new algorithms will
produce curves or surfaces guaranteed to be consistent with a space-filling mesh.

Alternative lattices and meshes

[0097] Inthe preceding examples, the image potential field was defined so that atoms are attracted toimage features.
In some situations, it is desirable to create a pseudo-regular lattice in which atoms are repelled from image features.
[0098] Such a lattice may be obtained using the optimization Algorithm 5 with the same atomic potential function but
with an image potential field that attains a maximum value (e.g. one) along image features and a mininum value (e.g.
zero) away from image features. Figure 13 illustrates the result of such an optimization for the seismic image. Atoms in
this optimized lattice tend to line up alongside (not on) image features.

[0099] Figure 13 also illustrates a Voronoi mesh generated from the optimized lattice. The Voronoi mesh is the dual
of the Delaunay triangulation. Thus, atoms lie within mesh elements rather than at the vertices of mesh elements.
Because atoms in the optimized lattice tend to line up alongside image features, the boundaries of Voronoi mesh elements
tend to line up on those features.

[0100] Voronoi meshes have numerous applications, including the simulation of fluid flow. Often, Voronoi meshes
lead to finite-difference solutions to partial differential equations, whereas simplicial triangular/tetrahedral meshes lead
to finite-element solutions. Both types of solutions are widely used today. In both types, it is desirable to have mesh
element boundaries align with image features, because those features often correspond to discontinuities in physical
properties.

[0101] More generally, it may be desirable to create a pseudo-regular lattice of atoms that are attracted to certain
features in an image, and repelled from other features. For example, it may be advantageous to place communication
transceivers in a regular pattern whose local density corresponds to human population density. It may also be desirable
for those same transceivers to be located in areas of high elevation (e.g., tops of mountain ridges) and to avoid areas
of low elevation (e.g., canyons or river valleys). Thus, an image potential field may include maxima and minima, as well
as intermediate plateaus.

Additional examples

[0102] The method of this invention may also be applied to medical images. Figure 14 shows a magnetic resonance
image (MRI) of a human head. This digital image is freely available from the National Library of Medicine, as part of the
Visual Human Project.

[0103] Figure 15 shows the image after processing to enhance edges, discontinuities in the original MRI. A simple
and well-known Prewitt edge enhancement algorithm was used. This edge-enhanced image may be used as the image
potential field b(x) in the method of this invention.
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[0104] Figure 16 shows a mesh optimized for alignment with the image of Figure 15. As for the seismic image, a non-
constant nominal distance function d(x) was computed by smoothing the image. Nominal distance values range from a
minimum of d = 4 to a maximum of d = 12. The image scale factor is § = 0.4.

[0105] Figure 17 highlights line segments in the mesh that are most aligned with edges in the image. The segments
shown were selected using the same simple thresholding algorithm that was used for the seismic image.

[0106] Figures 18, 19, 20, and 21 provide another example from medical imaging. Like the image of the head, this
image of a human torso is freely available from the National Library of Medicine. Image processing and lattice optimization
for this image is identical to that for the head image, except that nominal distance values here range from a minimum
of d =5 to a maximum of d = 15.

Computer systems, memory media and a method embodiment

[0107] Itis noted that the method of the present invention for generating pseudo-regular lattices which respect features
in a digital image may be implemented on any of a variety of computer systems such as desktop computers, minicom-
puters, workstations, multiprocessor systems, parallel processors of various kinds, distributed computing networks, etc.
The method of the present invention may be realized in one or more software programs or modules which are stored
onto any of a variety of memory media such as CD-ROM, magnetic disk, bubble memory, semiconductor memory (e.g.
any of various types of RAM or ROM). Furthermore, these one or more software programs and/or the results they
generate may be transmitted over any of a variety of carrier media such as optical fiber, metallic wire, free space and/or
through any of a variety of networks such as the Internet and/or the PSTN (public switched telephone network).
[0108] Figure 22 illustrates one embodiment 500 of a computer system operable to perform the lattice generation
method of the present invention. Computer system 500 may include a processor 502, memory (e.g. random access
memory 506 and/or nonvolatile memory devices 504), one or more input devices 508, one or more display devices 510,
and one or more interface devices 512. These component subsystems may be interconnected according to any of a
variety of configurations. Nonvolatile memory devices 504 may include devices such as tape drives, disk drives, semi-
conductor ROM or EEPROM, etc. Input devices 508 may include devices such as a keyboard, mouse, digitizing pad,
trackball, touch-sensitive pad and/or light pen. Display devices 510 may include devices such as monitors, projectors,
head-mounted displays, etc. Interface devices 512 may be configured to acquire digital image data from one or more
acquisition devices and/or from one or more remote computers or storage devices through a network.

[0109] Any of a variety of acquisition devices may be used depending on the type of object or process being imaged.
The one or more acquisition devices may sense any of various forms of mechanical energy (e.g. acoustic energy,
displacement and/or stress/strain) and/or electromagnetic energy (e.g. light energy, radio wave energy, current and/or
voltage).

[0110] Processor 502 may be configured to read program instructions and/or data from RAM 506 and/or nonvolatile
memory devices 504, and to store computational results into RAM 506 and/or nonvolatile memory devices 504. The
program instructions direct processor 502 to operate on an input image based on any combination of the method
embodiments described herein. The input image may be provided to computer system 500 through any of a variety of
mechanisms. For example, the input image may be acquired into nonvolatile memory 504 and/or RAM 506 using the
one or more interface devices 512. As another example, the input image may be supplied to computer system 500
through a memory medium such as disk or tape which is loaded into/onto one of the nonvolatile memory devices 504.
In this case, the input image will have been previously recorded onto the memory medium by computer system 500 or
by some other computer system.

[0111] Itis noted that the input image may not necessarily be raw sensor data obtained by an acquisition device. For
example, the input image may be the result of one or more preprocessing operations on a set of raw sensor data. The
one or more preprocessing operations may be performed by computer system 500 and/or one or more other computers.
Furthermore, the input image may be completely independent of sensor data as in the case of an image generated by
a designer using a CAD package.

[0112] Figure 23 illustrates one embodiment 600 of a method for generating a lattice of points that is pseudo-regular
and that respects features in a digital image. In step 605, an image (e.g. an image of an object and/or process) may be
acquired into a locally accessible memory such as nonvolatile memory 504 and/or RAM 506 of computer system 500.
In step 610, the image may be preprocessed to enhance or reveal features of interest in the image. If the features of
interest are sufficiently clear in the image as acquired in step 605, step 610 may be omitted. (As mentioned above, the
image as acquired in step 605 may have already been subjected to preprocessing operations.)

[0113] The presentinvention contemplates the use of any desired processing technique or combination of techniques
for the preprocessing of step 610. For example, the image may be subjected to edge detection, convolution filtering,
Fourier transformation, nonlinear filtering, thresholding, etc. The preprocessing may generate the image potential field
sampled like the digital image. Furthermore, the preprocessing may operate on the image to generate the nominal
distance function d(x). The preprocessing may be automated or may be responsive to user inputs. For example, a user
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may highlight features and/or regions of interest in the image.

[0114] In step 615, a lattice of points consistent with the nominal distance function d(x) may be intialized in the space
spanned by the image. The lattice may be initialized by the methods of Algorithm 3 or Algorithm 4. In one alternative
embodiment, the initial lattice consistent with the nominal distance function may be generated from a cheap lattice such
as a rectangular lattice or equilateral lattice by executing a number of iterations of the lattice optimization with scaling
parameter 3 equal to zero. However, to avoid tearing of the lattice, the distance between atoms in the cheap lattice may
be set equal to the minimum of the nominal distance function. In another alternative embodiment, the initial lattice may
be generated from a cheap lattice by executing a number of iterations of the lattice optimization with a nonzero value
for the scaling parameter {3, and with the distance function d(x) replacing the image potential field b(x).

[0115] In step 620, the initial lattice of points may be optimized by Algorithm 5. The optimized lattice of points may be
used in any of a variety of applications. For example, the lattice may be triangulated to generate a space-filling mesh,
and the mesh may be used to execute a mesh-based simulation (such as a reservoir simulation), image coding algorithm,
signal analysis method, etc. In some embodiments, the optimized lattice may be used by an application without the
intervening step of generating a mesh.

Conclusion, ramifications, and scope

[0116] The examples provided above demonstrate the utility of the method of this invention in generating a lattice of
points that is both pseudo-regular and responsive to features in a digital image. The optimized lattice may have variable
density, conforming to a spacially-varying level of detail in the image.

[0117] The examples have also shown that triangulation of such a lattice may yield a space-filling mesh that is well
aligned with image features. The highly regular elements in this mesh make it a suitable framework for subsequent
computations, such as the simulation of fluid flow.

[0118] Our combination of a lattice framework and an image may be used as the basis for improved algorithms for
feature extraction.

[0119] Although the examples shown above exhibit 2-D images, the method of this invention applies equally well to
3-D images. Where necessary, differences between 2-D and 3-D equations and algorithms have been highlighted in
their descriptions. The method of the present invention naturally generalizes to N-dimensional images, where N is any
integer greater than zero.

[0120] Theimages inthe examples were uniformly sampled on a rectangular 2-D grid. However, various embodiments
are contemplated where the method operates with alternate image topologies. For example, a 2-D image may be sampled
on the surface of a sphere. Thus, in one embodiment, the method of the present invention may generate a pseudo-
regular lattice of points on such a spherical surface, consistent with a distance function defined on that surface, and then
aligned with image features displayed on that surface. A variety of topologies in various dimensions are contemplated.
[0121] The method of this invention has been presented in terms of a minimization problem. It is an obvious mathe-
matical fact that the minimization of a function fis equivalent to maximizing its negative - f. Thus, alternative embodiments
are contemplated where the lattice optimization operates by maximizing a composite function comprising a combination
of a first function of inter-atomic distances between points (i.e. atoms) in a lattice and a second function of positions of
the lattice points.

Claims
1. A computer-implemented method for determining a lattice of points suitable for a simulation, the method comprising:

operating on an image to generate an image potential field, wherein said image potential field attains an extremal
potential value along features of interest in said image;

initializing the lattice of points in a region of space corresponding to said image; and

repeatedly adjusting locations of said lattice of points in said region to extremize a total potential energy, wherein
said total potential energy comprises a combination of an atomic potential energy and an image potential energy,

wherein the atomic potential energy comprises a sum of atomic potentials for pairs of said lattice points, wherein
the image potential energy comprises a sum of image potentials, and wherein each of said image potentials corre-

sponds to an evaluation of the image potential field at one of the lattice points.

2. The method of claim 1, wherein said operating on the first image to generate the image potential field comprises
detecting edges in said first image, and wherein said features of interest comprise edges in said first image.
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The method of any of the preceding claims, wherein said operating on said image to generate the image potential
field comprises;

identifying features of interest in the image;

assigning a first constant value to the image potential field at first spatial locations corresponding to at least a subset
of said features of interest; and

assigning a second constant value to the image potential field at second spatial locations not corresponding to said
features of interest.

The method of claim 3, wherein said first constant value is a maximum value of said image potential field.
The method of claim 3, wherein said first constant value is a minimum value of said image potential field.

The method of claim 3, wherein said operating on said image to generate the image potential field further comprises
smoothing a first version of the image potential field, generated by said assigning the first constant value and the
second constant value, to obtain a second version of the image potential field.

The method of claim 6, wherein said second version of the image potential field is used to compute the image
potentials for a first set of repetitions of said repeatedly adjusting locations, and wherein said first version of the
image potential function

is used to compute the atomic image potentials for a second set of repetitions of said repeatedly adjusting locations.

The method of any of the preceding claims, further comprising:

randomly displacing the locations of said lattice of points in said space; and
performing multiple iterations of said randomly displacing and said repeatedly adjusting to obtain a succession
of local extrema of the total potential energy.

The method of any of the preceding claims, wherein said initializing employs a distance function that specifies a
preferred distance from each point in said lattice to other points nearby said point, and wherein said preferred
distance is a function of location in said region.

The method of claim 9, wherein said initializing the lattice of points in the region of space comprises:

reading a first tentative lattice point from a queue;

examining a first neighborhood around said first tentative lattice point to determine if the first neighborhood
contains no points of said lattice; and

if the first neighborhood contains no points of said lattice, executing an update operation comprising:

adding the first tentative lattice point to the lattice, and appending new tentative lattice points to the queue,
wherein said new tentative lattice points are assigned coordinate positions corresponding to an exactly
regular lattice with respect to the first tentative lattice point and the distance function.

The method of claim 10 further comprising:

storing one or more seed points on the queue; and
repeatedly perfoming said reading, examining and conditionally executing the update operation until the subset
of said space is filled.

The method of claim 10 wherein the first neighborhood around said first tentative lattice point is an N-dimensional
ball with diameter proportional to the distance function evaluated at the first tentative lattice point, wherein N is the
dimension of said space corresponding to said image.

The method of any of the preceding claims, wherein said initializing the lattice of points in the region of space
comprises:

computing a local probability value at a candidate position in the region based on a distance function; generating

a random number value;
determining if the random number value satisfies an inequality condition with respect to the local probability
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value; and
conditionally adding the candidate position to the lattice of points if the random number value satisfies the
inequality condition with respect to the local probability value.

The method of claim 13, wherein said initializing the lattice of points further comprises:

moving the candidate position through a set of image positions sampled by said first image; and
performing said computing, generating, determining and conditionally adding for each of said image positions.

The method of any of the preceding claims, wherein the combination is of the form (1- a)A + aB, wherein A is the
atomic potential energy, B is the image potential energy, and wherein parameter o takes any value in the range
from zero to one inclusive.

The method of any of the preceding claims further comprising triangulating the lattice of points to generate a mesh
from the lattice of points, wherein said mesh comprises a union of mesh elements, and wherein the vertices of the
mesh elements are the lattice points.

The method of claim 16, wherein said triangulating the lattice of points comprises performing a Delaunay triangulation
of the lattice of points.

The method of claim 16 further comprising identifying a union of boundaries of said mesh elements which approx-
imates one or more of said features of interest.

The method of claim 16 further comprising performing a simulation on the mesh, wherein the simulation generates
output representing a behavior of a physical system.

The method of claim 19, wherein the physical system comprises an underground reservoir comprising one or more
fluids.

A computer system configured to determine a lattice of points suitable for a simulation, the computer system com-
prising:

a processor;
amemory coupled to said processor and configured to store program instructions; and an input port for providing
an image to said memory;

wherein said processor is configured to read and execute the program instructions from said memory, wherein, in
response to said execution of the program instructions, the processor is operable to:

operate on the image to generate an image potential field, wherein said image potential field attains one or
more extreme potential values along features of interest in said image;

initialize the lattice of points in a region of space corresponding to said image; and

repeatedly adjust locations of said lattice of points in said region to extremize a total potential energy, wherein
said total potential energy comprises a combination of an atomic potential energy and an image potential energy,
wherein the atomic potential energy comprises a sum of atomic potentials for pairs of said lattice points, wherein
the image potential energy comprises a sum of image potentials, and wherein each of said image potentials
corresponds to an evaluation of the image potential field at one of the lattice points.

A computer accessible medium comprising program instructions configured to implement the method as recited in
any of claims 1-20.

Patentanspriiche

1.

Computerimplementiertes Verfahren fur das Bestimmen eines Gitters aus Punkten, das fiir eine Simulation geeignet
ist, wobei das Verfahren aufweist:

Arbeiten auf einem Bild, um ein Bildpotentialfeld zu erzeugen, wobei das Bildpotentialfeld einen extremalen
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Potentialwert erzielt entlang interessierenden Merkmalen in dem Bild,

Initialisieren des Gitters aus Punkten in einem Raumbereich, der dem Bild entspricht, und

wiederholtes Einstellen der Orte des Gitters aus Punkten in dem Bereich, um eine potentielle Gesamtenergie
zu maximieren oder zu minimieren, wobei die potentielle Gesamtenergie eine Kombination aus einer atomaren
Potentialenergie und einer Bildpotentialenergie aufweist,

wobei die atomare Potentialenergie eine Summe aus atomaren Potentialen fiir Paare der Gitterpunkte aufweist,
wobei die Bildpotentialenergie eine Summe von Bildpotentialen aufweist und wobei jedes der Bildpotentiale einer
Bewertung des Bildpotentialfeldes an einem der Gitterpunkte entspricht.

Verfahren nach Anspruch 1, bei dem das Operieren auf dem ersten Bild, um das Bildpotentialfeld zu erzeugen, das
Erfassen von Kanten in dem ersten Bild aufweist, und wobei die interessierenden Merkmale Kanten in dem ersten
Bild aufweisen.

Verfahren nach einem der vorherigen Anspriiche, wobei das Operieren auf dem Bild, um das Bildpotentialfeld zu
erzeugen, aufweist:

Identifizieren von interessierenden Merkmalen in dem Bild,

Zuweisen eines ersten konstanten Wertes zu dem Bildpotentialfeld an ersten Raumorten, die mit zumindest
einer Untergruppe der interessierenden Merkmale korrespondieren, und

Zuweisen eines zweiten konstanten Wertes zu dem Bildpotentialfeld an zweiten Raumorten, die nicht den
interessierenden Merkmalen entsprechen.

Verfahren nach Anspruch 3, wobei der erste konstante Wert ein Maximalwert des Bildpotentialfeldes ist.
Verfahren nach Anspruch 3, bei dem der erste konstante Wert ein Minimalwert des Bildpotentialfeldes ist.

Verfahren nach Anspruch 3, bei dem das Operieren auf dem Bild, um das Bildpotentialfeld zu erzeugen, weiterhin
aufweist, das Glatten einer ersten Version des Bildpotentialfeldes, das durch das Zuweisen des ersten konstanten
Wertes und des zweiten konstanten Wertes erzeugt wurde, um eine zweite Version des Bildpotentialfeldes zu
erhalten.

Verfahren nach Anspruch 6, bei dem die zweite Version des Bildpotentialfeldes verwendet wird, um die Bildpotentiale
fur einen ersten Satz von Wiederholungen des wiederholten Einstellens von Orten zu berechnen, und wobei die
erste Version der Bildpotentialfunktion verwendet wird, um die atomaren Bildpotentiale fiir einen zweiten Satz von
Wiederholungen der wiederholten Einstellungen der Orte zu berechnen.

Verfahren nach einem der vorherigen Anspriiche, das weiterhin aufweist:

zufélliges Verschieben der Orte des Gitters aus Punkten in dem Raum und Durchfiihren mehrerer Iterationen
der zufélligen Verschiebung und der wiederholten Einstellung, um eine Abfolge von lokalen Extrema der po-
tentiellen Gesamtenergie zu erhalten.

Verfahren nach einem der vorherigen Anspriiche, bei dem das Initialisieren einer Abstandsfunktion einsetzt, die
einen bevorzugten Abstand von jedem Punkt in dem Gitter zu anderen Punkten in der Nahe des Punktes spezifiziert,
und wobei der bevorzugte Abstand eine Funktion des Ortes in dem Bereich ist.

10. Verfahren nach Anspruch 9, bei dem das Initialisieren des Gitters aus Punkten in dem Raumbereich aufweist:

Lesen eines ersten provisorischen Gitterpunktes aus einer Reihe,

Untersuchen einer ersten Umgebung um den ersten provisorischen Gitterpunkt, um zu bestimmen, ob die erste
Umgebung keine Punkte des Gitters enthalt, und

falls die erste Umgebung keine Punkte des Gitters enthalt, Ausfihren einer Aktualisierungsoperation, die auf-
weist:

Hinzufligen des ersten provisorischen Gitterpunktes zu dem Gitter und Anfligen neuer provisorischer Git-

terpunkte an die Reihe, wobei die neuen provisorischen Gitterpunkte Koordinatenpositionen zugewiesen
werden, die einem exakten regelmaRigen Gitter in Bezug auf den ersten provisorischen Gitterpunkt und

21



10

15

20

25

30

35

40

45

50

55

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

EP 1 352 366 B1
die Abstandsfunktion entsprechen.
Verfahren nach Anspruch 10, das weiterhin aufweist:

Speichern von einem oder mehreren Kern- bzw. Impfpunkten in der Reihe und wiederholtes Durchfiihren des
Lesens, Untersuchens und eventuellen Ausfilhrens der Aktualisierungsoperation bis die Untergruppe des
Raums gefiillt ist.

Verfahren nach Anspruch 10, bei dem die Erstumgebung um den ersten provisorischen Gitterpunkt eine N-dimen-
sionale Kugel mit einem Durchmesser proportional zur Abstandsfunktion ist, der an dem ersten provisorischen
Gitterpunkt ausgewertet ist, wobei N die Dimension des Raums ist entsprechend dem Bild.

Verfahren nach einem der vorherigen Anspriiche, bei dem das Initialisieren des Gitters aus Punkten in dem Bereich
des Raumes aufweist:

Berechnen eines lokalen Wahrscheinlichkeitswertes an eine Anwarterposition in dem Bereich basierend auf
einer Abstandsfunktion, Erzeugen eines Zufallszahlenwertes,

Bestimmen, ob der Zufallszahlenwert eine Ungleichbedingung in Bezug auf den lokalen Wahrscheinlichkeitswert
erflllt, und

eventuelles Hinzufligen der Anwarterposition zu dem Gitter aus Punkten, falls der Zufallszahlenwert die Un-
gleichbedingung in Bezug auf den lokalen Wahrscheinlichkeitswert erfillt.

Verfahren nach Anspruch 13, bei dem das Initialisieren des Gitters aus Punkten weiterhin aufweist:

Bewegen der Anwarterposition durch einen Satz bzw. eine Gruppe aus Bildpositionen, die von dem ersten Bild
abgefragt wurden, und
Durchfiihren des Berechnens, Erzeugens, Bestimmens und eventuellem Hinzufiigen fir jede der Bildpositionen.

Verfahren nach einem der vorherigen Anspriiche, bei dem die Kombination die Form hat (1-c)A +oB, wobei A die
atomare Potentialenergie ist, B die Bildpotentialenergie ist, und wobei der Parameter o einen Wert im Bereich von
null bis einschlieBlich eins einnimmt.

Verfahren nach einem der vorherigen Anspriiche, das weiterhin aufweist, das Triangulieren des Gitters aus Punkten,
um ein Netz aus dem Gitter aus Punkten zu erzeugen, wobei das Netz eine Vereinigung von Maschenelementen
aufweist, und wobei die Knoten der Maschenelemente die Gitterpunkte sind.

Verfahren nach Anspruch 16, bei dem das Triangulieren des Gitters aus Punkten das Durchfiihren einer Delaunay-
Triangulation des Gitters aus Punkten aufweist.

Verfahren nach Anspruch 16, das weiterhin aufweist, das Identifizieren einer Einheit aus Begrenzungen der Ma-
schenelemente, die ein oder mehrere der interessierenden Merkmale anndhern.

Verfahren nach Anspruch 16, das weiterhin aufweist, das Durchfiihren einer Simulation auf der Masche, wobei die
Simulation eine Ausgabe erzeugt, die ein Verhalten eines physikalischen Systems reprasentiert.

Verfahren nach Anspruch 19, bei dem das physikalische System ein unterirdisches Reservoir aufweist, das ein oder
mehrere Fluide aufweist.

Computersystem, das konfiguriert ist, um ein Gitter aus Punkten zu bestimmen, die fiir eine Simulation geeignet
sind, wobei das Computersystem aufweist:

einen Prozessor,

einen Speicher, der mit dem Prozessor verbunden und derart konfiguriert ist, dass er Programmbefehle spei-
chert, und

einen Eingangsanschluss firr das Bereitstellen eines Bildes zu dem Speicher,

wobei der Prozessor konfiguriert ist, um die Programmbefehle von dem Speicher zu lesen und auszufiihren, wobei
in Antwort auf das Ausfiihren der Programmbefehle der Prozessor betreibbar ist, um:
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auf dem Bild zu operieren, um ein Bildpotentialfeld zu erzeugen, wobei das Bildpotentialfeld ein oder mehrere
extremale Potentialwerte entlang Merkmalen von Interesse in dem Bild erzielt,

das Gitter von Punkten in einem Raumbereich zu initialisieren, der dem Bild entspricht, und

wiederholt Orte des Gitters aus Punkten in dem Bereich einzustellen, um eine potentielle Gesamtenergie zu
maximieren oder zu minimieren, wobei die potentielle Gesamtenergie eine Kombination aus einer atomaren
potentiellen Energie und einer potentiellen Bildenergie aufweist, wobei die atomare potentielle Energie eine
Summe aus atomaren Potentialen fiir Paare der Gitterpunkte aufweist, wobei die Bildpotentialenergie eine
Summe aus Bildpotentialen aufweist, und wobei jedes der Bildpotentiale einer Bewertung des Bildpotentialfeldes
an einem der Gitterpunkte entspricht.

22. Computerlesbares Medium, das Programminstruktionen aufweist, die konfiguriert sind, um das Verfahren zu imple-

mentieren nach einem der Anspriiche 1 bis 20.

Revendications

Procédé mis en oeuvre par un ordinateur pour déterminer un réseau de points qui conviennent pour une simulation,
le procédé comprenant :

I'exploitation d’'une image pour produire un champ de potentiel d’'image, dans lequel le champ de potentiel
d’'image atteint une valeur de potentiel extrémale le long de caractéristiques souhaitées dans ladite image ;
linitialisation du réseau de points dans une région d’espace correspondant a ladite image ; et

I'ajustement de fagon répétitive d’emplacements dudit réseau de points dans ladite région pour rendre extréme
une énergie potentielle totale, dans lequel ladite énergie potentielle totale comprend une combinaison d’une
énergie potentielle atomique et une énergie potentielle d'image,

dans lequel I'énergie potentielle atomique comprend une somme de potentiels atomiques pour des paires desdits
points de réseau, dans lequel I'énergie potentielle d’image comprend une somme de potentiels d'image, et dans
lequel chacun desdits potentiels d'image correspond a une évaluation du champ de potentiel d'image a I'un des
points de réseau.

Procédé selon la revendication 1, dans lequel ladite exploitation de la premiére image pour produire le champ de
potentiel d’'image comporte la détection de bords dans ladite premiére image, et dans lequel les caractéristiques
souhaitées comportent des bords dans ladite premiére image.

Procédé selon I'une quelconque des revendications précédentes, dans lequel I'exploitation de ladite image pour
produire le champ de potentiel d'image comporte :

l'identification de caractéristiques souhaitées dans I'image ;

I'attribution d’'une premiére valeur constante au champ de potentiel d'image a des premiers emplacements
spatiaux correspondant au moins a un sous-ensemble desdites caractéristiques souhaitées ; et I'attribution
d’'une deuxieme valeur constante au champ de potentiel d'image a des deuxiémes emplacements spatiaux ne
correspondant pas auxdites caractéristiques souhaitées.

Procédé selon la revendication 3, dans lequel la premiére valeur constante est une valeur maximale dudit champ
de potentiel d'image.

Procédeé selon la revendication 3, dans lequel la premiére valeur constante est une valeur minimale dudit champ
de potentiel d’'image.

Procédé selon larevendication 3, dans lequel le fonctionnement sur ladite image pour produire le champ de potentiel
d’'image comporte de plus le lissage d’'une premiere version du champ de potentiel d’image, produite par ladite
attribution de la premiére valeur constante et la deuxiéme valeur constante, pour obtenir une deuxiéme version du
champ de potentiel d'image.

Procédé selon la revendication 6, dans lequel la deuxiéme version du champ de potentiel d’image est utilisée pour

calculer les potentiels d'image pour un premier ensemble de répétitions desdits emplacements d’ajustement de
facon répétitive, et dans lequel ladite premiére version de la fonction de potentiel d'image est utilisée pour calculer
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les potentiels atomiques d’image pour un deuxiéme ensemble de répétitions desdits emplacements d’ajustement
de fagon répétitive.

Procédé selon 'une quelconque des revendications précédentes, comprenant de plus :

le déplacement de fagon aléatoire des emplacements dudit réseau de points dans ledit espace ; et
la réalisation d'itérations multiples dudit déplacement aléatoire et dudit ajustement répétitif pour obtenir une
succession d'extréma locaux de I'énergie potentielle totale.

Procédé selon I'une quelconque des revendications précédentes, dans lequel ladite initialisation utilise une fonction
de distance qui spécifie une distance préférée a partir de chaque point dans ledit réseau a d’autre points au voisinage
desdits points, et dans lequel ladite distance préférée est une fonction d’emplacement dans ladite région.

Procédé selon la revendication 9, dans lequel ladite initialisation du réseau de points dans la région d’espace
comporte :

la lecture d’'un premier point de réseau préliminaire a partir d’'une file d’attente ;

I'examen d’un premier voisinage autour dudit premier point de réseau préliminaire pour déterminer sile premier
voisinage ne contient aucun point dudit réseau ; et si le premier voisinage ne contient aucun point dudit réseau,
I'exécution d’'une opération de mise a jour comprenant :

I'ajout du premier point de réseau préliminaire au réseau, et I'addition des nouveaux points de réseau
préliminaires a la file d’attente, ou lesdits nouveaux points de réseau préliminaires sont attribués a des
positions de coordonnées correspondant a un réseau qui est exactement régulier par rapport au premier
point de réseau préliminaire et a la fonction de distance.

Procédé selon la revendication 10 comprenant de plus : le stockage d’'un ou de plusieurs points de départ sur la
file d’attente ; et la réalisation de fagon répétitive desdits lecture, examen et exécution de fagon conditionnelle de
I'opération de mise a jour jusqu’a ce le sous-ensemble dudit espace soit rempli.

Procédé selon la revendication 10 dans lequel le premier voisinage autour dudit premier point de réseau préliminaire
est une sphére a N dimensions avec un diameétre proportionnel a la fonction de distance évaluée au premier point
de réseau préliminaire, ou N est la dimension dudit espace correspondant a ladite image.

Procédé selon I'une quelconque des revendications précédentes, dans lequel ladite initialisation du réseau de points
dans la région d’espace comporte :

le calcul d’'une valeur de probabilité locale a une position candidate dans la région sur la base d’'une fonction
de distance ; la production d’'une valeur d’'un nombre aléatoire ;

la détermination si la valeur du nombre aléatoire satisfait une condition d’inégalité par rapport a la valeur de
probabilité locale ; et

I'ajout conditionnel de la position candidate au réseau de points si la valeur du nombre aléatoire satisfait la
condition d’inégalité par rapport a de la valeur de probabilité locale.

Procédé selon la revendication 13, dans lequel ladite initialisation du réseau de points comporte de plus :

le déplacement de la position candidate a travers un ensemble de positions d’'image échantillonnées par ladite
premiére image ; et

la réalisation desdits calcul, production, et détermination et ajout conditionnel pour chacune desdites positions
d’'image.

Procédé selon I'une quelconque des revendications précédentes, dans lequel la combinaison est de la forme (1-o)
A + aB, dans laquelle A est I'énergie potentielle atomique, B est I'énergie potentielle d'image, et dans laquelle le
paramétre o prend toute valeur dans I'étendue allant de zéro a un inclus.

Procédé selon I'une quelconque des revendications précédentes comprenant de plus la triangulation du réseau de

points pour produire un maillage a partir du réseau de points, dans lequel ledit maillage comporte un assemblage
d’éléments de maillage, et dans lequel les sommets des éléments de maillage sont les points de réseau.
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Procédé selon la revendication 16, dans lequel ladite triangulation du réseau de points comporte la réalisation d’'une
triangulation de Delaunay sur le réseau de points.

Procédé selon la revendication 16 comprenant de plus l'identification d’'une union des pourtours desdits éléments
de maillage qui se rapproche d’une ou de plusieurs desdites caractéristiques souhaitées.

Procédé selon la revendication 16 comprenant de plus la réalisation d’'une simulation sur le maillage, dans lequel
la simulation produit une sortie représentant un comportement d’un systéme physique.

Procédé selon la revendication 19, dans lequel le systéme physique comporte un réservoir souterrain contenant
un ou plusieurs fluides.

Systéeme informatique configuré pour déterminer un réseau de points qui conviennent pour une simulation, le systéme
informatique comprenant :

un processeur ;
une mémoire reliée audit processeur et configurée pour stocker des instructions de programme ; et un port
d’entrée pour fournir une image a ladite mémoire ;

dans lequel ledit processeur est configuré pour lire et exécuter les instructions du programme a partir de ladite
mémoire, dans lequel, en réponse a ladite exécution des instructions du programme, le processeur est opérationnel
pour :

exploiter 'image afin de produire un champ de potentiel d'image, dans lequel le champ de potentiel d'image
atteint une ou plusieurs valeurs de potentiel extrémes le long de caractéristiques souhaitées dans ladite image ;
initialiser le réseau de points dans une région d’espace correspondant a ladite image ; et

ajuster de fagon répétitive des emplacements dudit réseau de points dans ladite région pour rendre extréme
une énergie potentielle totale, dans lequel ladite énergie potentielle totale comporte une combinaison d’une
énergie potentielle atomique et une énergie potentielle d'image,

dans lequel I'énergie potentielle atomique comporte une somme de potentiels atomiques pour des paires desdits
points de réseau, dans lequel I'énergie potentielle d'image comporte une somme de potentiels d'image, et dans
lequel chacun desdits potentiels d'image correspond a une évaluation du champ de potentiel d'image a 'un des
points de réseau.

Support accessible par un ordinateur comprenant des instructions de programme configurées pour mettre en oeuvre
le procédé de la fagon mentionnée dans I'une quelconque des revendications 1 a 20.
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